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Abstract

Digital color desktop printers are widely used in modern offices. However,
the ability of the printers to reproduce input colors faithfully is limited and
they need to be recalibrated frequently. This is a time-consuming and
cumbersome process, which usually needs to be carried out manually.

In order to simulate the interaction of light and color prints and to
facilitate the calibration process, this thesis proposes new models for
digital color printers and more specifically for dry toner electrophoto-
graphic printers. The proposed mathematical models describe the main
contributing physical phenomena and offer support for the closed loop
control of color halftone printers.

A first model concerns the phenomenon of light scattering within
paper and takes into account the fluorescence of brightened office
papers. Given the spectral point transmittance of a halftone patch, the
model estimates the spectral point reflectance. It is verified by spectral
microscopic measurements and is able to estimate the optical dot gain in
halftone prints and its effect on the color reproduction curve of common
printed papers.

A second model simulates the behavior of the electrophotographic
printing process. Starting from the input bitmap of a color halftone, the
simulation model computes the microstructures of the toner deposition on a
given printing substrate. Assuming non light scattering toners, the obtained
toner relief is transformed into the spectral point transmittance required by
the first model.

For an electrophotographic printer, both models together allow an
accurate estimate of the spectral color response and its description as a
function of given input halftoned color separation layers.
iii





Résumé

Les imprimantes de couleur numériques sont largement utilisées dans les
bureaux d’aujourd’hui. Toutefois, leur capacité à reproduire fidèlement des
images couleur reste limitée, et elles doivent être fréquemment calibrées.
Il s’agit-là d’un procédé long et pénible que l’utilisateur doit habituellement
faire à la main.

Afin de faciliter le calibrage de ces appareils, la présente thèse propose
de nouveaux modèles pour l’impression couleur et, plus particulièrement
pour les imprimantes électro-photographiques à toner sec. Les modèles
mathématiques proposés englobent les phénomènes physiques principaux
et permettent ainsi la claibration des imprimantes en circuit fermé.

Un premier modèle se rapporte au phénomène de la dispersion de
la lumière dans le papier et tient compte de la fluorescence des papiers
blanchis utilisés dans les imprimantes de bureau. Sur l’indication du
microprofil spectral de transmission d’une plage tramée, le modèle évalue
le porfil de réflectance. Les résultats du modèle sont vérifiés par des
mesures microspectrophotomètre. Le modèle estime le gain de tonalité
optique dans les impressions tramées, ainsi que ses effets sur la courbe de
reproduction de couleur dans les procédés usuels d’impression sur papier.

Un deuxième modèle simule le comportement du processus
d’impression électro-photographique. En partant des plans de bits des
trames couleur, le modèle de simulation calcule la microstructure du dépôt
de toner sur un support d’impression donné. A partir des spectres de
transmission du toner, le relief du toner permet d’obtenir le microprofil
spectral de transmission requis pour le premier modèle.

Pour une imprimante électrophotographique, les deux modèles réunis
assurent une évaluation précise de la réponse spectrale des couleurs en
fonction des séparations couleur tramées définies en entrée.
v
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1 Introduction

One goal of this thesis is to support the task of designing digital printers by
proposing a comprehensive mathematical model. Designing new printing de-
vices is rather complex and requires developing several mutually dependent
submodules. In order to meet the required print quality, each submodule must
be properly specified and parameterized.

Another goal is minimizing the time and cost involved in the characterization
and calibration of digital color printers. These tasks are necessary in order to
obtain a relationship between the specific amounts of printer inks needed to
reproduce any device independent of input color. Usually, the characterizing
relationship is acquired by measuring thousands of printed colors and tabulating
the results in accordance with the input color values. Printing a specific color is
then controlled by inverse lookup table operations. Despite the simple use of such
a technique, the tasks involved are cumbersome, time-consuming and inaccurate.
Modifications of a single printing parameter, such as the paper or ink, entail a
complete recalibration.

Introducing models based on physical characteristics improves the under-
standing of the participating subprocesses, and clarifies the interaction between
them. This facilitates the analysis and verification of the design and helps to
shorten the invention cycles. The proposed models support the printer character-
ization process, and enable frequent automatic recalibration.

A short historical and scientific survey of paper, its properties and color print-
ing is given in part I. It presents basic optical models of color filters and reviews
classical prediction models of halftone prints. This part concludes with a short
overview of the shortcomings of the classical models and illustrates the needs for
novel approaches.

A new model characterizing light scattering and fluorescence of brightened
office papers is presented in part II. Given the spectral transmittance micro-
profile of a halftone patch, the model estimates the spectral reflectance of the
halftone print on a paper sheet. Performing a three-dimensional light scattering
analysis within the body of paper, the model predicts the effects of the optical
dot gain on the color of halftone prints. Considering lateral scattering of light, it
extends the K–M theory and derives a closed analytical solution in the
F domain, which is evaluated numerically. Furthermore, the model takes
into account multiple reflections within the interfaces of both sides of the paper
in order to accurately estimate the measured reflectance profile of the color print.
3



1. I

Part III introduces a second model, which simulates the behavior of the elec-
trophotographic printing process as an example for well established digital print-
ers. Given the input bitmap of a color halftone, the simulation model predicts
the deposited toner microstructure on a paper sheet. Assuming non-light scatter-
ing inks and applying B–B–L’s law, the obtained microscopic
toner relief is transformed into a microscopic spectral transmittance profile. This
transmittance profile is needed by the light scattering model.

The toner deposition model estimates the printed microstructure by starting
from an input bitmap and simulating the effects of all main electrophotographic
process steps. They comprise the exposure of the bitmap, the forming of the
attracting electrostatic field, the toner random charge and diameter distributions,
the toner transfer and color accumulation, as well as the final fusing step.

The numerous model coefficients are fitted using spectral measurements of
about thirty printed halftone patches. Using both models sequently makes it
possible to estimate the spectral color response of an electrophotographic printer
as a function of any given input color bitmap. The thesis concludes with an
experimental report demonstrating the achieved accuracy of the prediction.

4



2 History of paper and color printing

Throughout history, reproduction material and technologies have
developed alongside each other. This chapter presents a historical
synopsis of their evolution. It also points out the relevant optical and
technical aspects, which limit the controllability of modern printing
technologies.

2.1 Paper, a recording substrate

Writing is an essential component of any civilization. The development of picto-
graphic writing dates back to the Sumerians in the Middle East during the fourth
millennium BC. In the third millennium, their pictograms evolved into wedge-
shaped characters inscribed on clay tablets, called the cuneiform writing system.
The small clay tablet shown in figure 2.1 depicts the oldest yet found, almost

Figure 2.1: Ugarit cuneiform alphabet exhibited at the Damascus Museum

complete alphabetical order of 27 different Hebrew-Phoenician characters. It was
excavated from the ruins of Ugarit near Ra’s Shamra in Syria. It demonstrates the
use of clay as a recording medium at a time when paper still was unknown to
mankind. Beside clay, various other materials such as wood, papyrus, parchment,
vellum, cloth, tree leaves and bark have been used for the same purpose. Of these,
papyrus has played a major role in history.

2.1.1 The invention of paper and its properties

The word paper stems from the Greek and Latin words for papyrus. The oldest
use of written papyrus rolls dates back to the third millennium BC. With the
5
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invention of paper during the second century BC in China, a light, practical
and cheap medium took over the role of recording written information. From
China, papermaking moved to Korea in the sixth century AD, from where it was
brought to Japan. The Chinese took their craft to Tibet, central Asia, India and,
by the eighth century, the Middle East. Finally, papermaking reached Europe by
the turn of the first millennium. However, it took another four hundred years
until paper was accepted in Europe as a replacement for parchment or vellum for
official records [Kip01, IPS].

Paper consists of fibers that are agglutinated and felted together in a tabular
structure by thermo-mechanic and chemical treatment. In modern paper plants,
the fibers are sprayed on a net running at a speed of about 1800 m/min. In
this process, the fibers are mainly oriented in the running direction, forming an
anisotropic material. 70 − 95% of paper consists of mostly natural fibers and up
to 30% of functional additives. The choice of additives depends on the trade-off
between economic, fiber bonding, paper opacity and brightness factors.

The bulk appearance of paper is neither perfectly dense nor opaque. Light il-
luminating the paper surface enters the substrate and scatters many times among
the filler particles and millions of fibers. The induced multiple or dependent scatter-
ing is a phenomenon which makes it very difficult to track tracking the light path
accurately within the body of paper. This complicates any accurate prediction of
the optical properties of a sheet of paper. Although an isolated fiber resembles a
tube of glass, it is too small to permit an accurate application of F’s law, and
the problem of analyzing its interaction with light using M’s equations is
as yet unresolved. This makes the application of classical, first principles analysis
to paper impractical [Ran82]. Nevertheless, as of the twentieth century, instru-
mentation of paper appearance succeeded in ranking the different characteristic
grades of paper and ensuring its manufacturing quality control. Supported by
the development of photoelectronic components and several standardization ef-
forts, different types of instruments and measurement techniques have found
wide acceptance in scientific and graphic labs [Hun98]. However, nearly all of the
instruments used rely on simulating of the visual assessment of color, gloss and
other properties. Therefore, it is crucial for the quality assurance of an instrument
to use light sources with well-known spectral power distribution and to keep the
geometric setup close to standard specifications.

2.2 Color printing

The invention of printing was a key event in the cultural advancement of the
Middle Ages towards contemporary civilization. With his pioneering invention
of the letterpress in the fifteenth century, JG laid the foundation
for modern reproduction technology. Meanwhile, color was already recognized
as an independent cultural feature and colorists made every effort to create dense

6
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and shiny colors. Reproductions were colored either for decorative purposes by
using solid colors or for illustrations executed by wooden or metallic cut masters.

At that time, color mixing was based on empirical knowledge and not devel-
oped in the sense of optimum ink consumption. The first documented trichromatic
color illustration technique was introduced by JC. L B in the early eigh-
teenth century [Fie99]. Inspired by I N and convinced of the triple
nature of color, he engraved plates by hand and used blue, red and yellow inks
to reproduce full-color illustrations. The present-day process colors cyan, magenta
and yellow were introduced in order to meet an optimum gray balance and to re-
produce technically as many different color shades as possible (see [Sch02, p. 112]
and [Kip01, p. 83]).

Most traditional printing technologies are unable to directly reproduce in-
termediate tones. They are only capable of printing limited tone levels, which
makes it difficult to illustrate continuous shades. Most devices either print or do
not print dots, and are thus known as bilevel or binary printers. It was only in
the late nineteenth century with the invention of the autotypical halftoning process
by GM that modern illustration techniques were finally launched
[Leu93]. To reproduce intermediate tones, the image is broken down into tiny
picture elements, which are beyond the visible spatial resolution. Viewed from
a certain distance, the halftoned screens are seen by the observer as the original
tonal distribution, due to the spatial integration performed by the human eye.

The placement of dots in multicolor prints induces two different types of

ccolor mixing principles. On the one hand, non-scattering ink dots printed all over
the others act almost like a pile of absorbing filters. This principle is known as
subtractive color mixing, referring to the spectral reducing property of the filters.
On the other hand, the perceived color of adjacently placed dots is achieved by
integrating the color stimuli of each one of them, which is common to the additive
color mixture [WS82, p. 31 & 118]. The overall color composition of both principles
is called autotypical color synthesis [Kip01, p. 81].

2.3 Impairment of halftone prints

Halftone prints on paper are particularly influenced by the phenomenon of light
scattering. Light that strikes an unprinted area between printed dots scatters
within the substrate and emerges under the dithered ink film and vice versa.
This creates a smoothing effect called the optical dot gain [Gus97]. It causes bright
halftoned tints to appear at a higher lightness level, while the surrounding white
part tends to appear darker. With decreasing dot sizes of modern high resolution
printers, this effect becomes more and more significant.

Another factor that affects halftone prints is the variation in size and shape of
the printed dots. With increasing resolution, the ability of the printer to reliably
reproduce isolated dots is limited, and the distorted dots begin to have a major

7
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impact on the resulting images [HK98, LA01]. The deviation between the attained
dot formation and the intended shape is called the mechanical dot gain.

In order to calibrate modern printers, both the optical and the mechanical
dot gain have to be considered. However, up to now, most printer calibration
routines are still manual processes, based on repetitive measurements and ex-
periments. Calibrating halftone printers has therefore become cumbersome, not
always accurate, quite time-consuming and expensive.

8



3 Basics of colorimetry

To produce a color printing model, it is essential to understand the
composition and the perception of printed colors. While the fundamental
spectral property of light and the trichromatic nature of color vision have
been known since the early eighteenth century, it took an additional
century for their mathematical instrumentation to appear. This chapter
briefly introduces the colorimetric theories most relevant to the thesis.

3.1 Color measurement

The accuracy of color reproduction is one of the main quality measures of modern
prints. However, color is not a physical quantity, it is an optical phenomenon
sensed by the eye and perceived by the brain. The sensation of different colors is
produced by viewing, at certain given conditions, irradiated objects that reflect
different spectral parts of light. The spectral composition of such a stimulus is
the only accessible physical variable that can be reliably determined. Regarding
the perception of color, the International Commission on Illumination (Commission
Internationale de L’Éclairage or CIE) provides standards and models approximating
the response of the human eye to color.

According to this instrumentation and these recommendations, the perfor-
mance of a color reproduction model can be reported by root mean square (RMS)
spectral radiation difference as a physical scale, and by applying the CIE color
difference formulae as a psychophysical scale [WB00]. The underlying measure-
ments are made by commercially available spectrophotometers. These instruments
measure the ratio of visible radiant power leaving the sample, to the power
incident on it at successive wavelength bands ∆λi. According to measurement
geometry, a distinction is drawn between the spectral reflectance factor Rλ and the
spectral transmittance factor Tλ. The following sections introduce these spectral
factors as well as colorimetric aspects and distance specifications useful for the
experimental investigation.
9
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3.1.1 Spectral reflectance and transmittance factors

Reflection and transmission define the processes of radiation being returned by or
passed through a medium without any change in wavelength. Reflectance and
transmittance are the measured quantities describing these phenomena. Typically,
they are measured in relative terms of radiometric quantities, which is the subject
of spectrophotometry. The term factor is used when the collected radiation lies
within an isolated geometric cone of the covering hemisphere. However, for
simplicity, this term is omitted after this chapter without confusing the physical
relations. If the radiant power is determined for successive wavelength intervals,
the adjective spectral is used [Hun98, p. 47,255].

Most common spectrophotometers use a (45/0◦)-observing condition as rec-
ommended by CIE. The illumination unit generally consists of a cone-shaped
glass illuminated by up to three different unpolarized light sources. This setup
produces an approximately circular illuminating condition, which helps to di-
minish the measurement dependencies on the sample orientation. Within the
visible wavelength range at consecutive wavelength steps λi, well calibrated in-
struments provide averaged concentrations of radiant power 〈Pλ〉i per successive
small-width band ∆λi [WS82, p. 230]

〈Pλ〉i =

λi+∆λi/2∫
λi−∆λi/2

P (λ) dλ

λi+∆λi/2∫
λi−∆λi/2

dλ

. (3.1)

The symbol 〈·〉 denotes the mean value operation, and the subscript indicates the
ith captured spectral value. Both mathematical symbols are subsequently omitted.
The integrated wavelength bandwidth ∆λ reaches a typical range of about 10 nm
and is determined by the applied device that isolates narrow portions of the
spectrum called the monochromator. This considerable bandwidth averages out
any effect of optical interference among the various transmitted and reflected beams
within the observed filter layers.

In practice, the spectral reflectance factor Rλ is determined by the spectral ratio
of radiant power Pλ reflected from an object relative to the radiant power PDλ

reflected from a perfectly reflecting diffuser identically illuminated [CIE78]

Rλ =
Pλ

PDλ

. (3.2)

Usually, the perfectly reflecting diffuser is replaced by a calibrated white stan-
dard. Accordingly, the spectral transmittance factor Tλ is obtained by replacing the
divisor of eq. (3.2) with a perfect transmitting diffuser and by applying (0/0◦)
transmission geometry. These spectrophotometric quantities are expressed as ei-
ther percentages (0 − 100%) or as factors (0.0 − 1.0) [Fai97, p. 73].

10
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The spectral reflection and transmission data of non-fluorescent materials are
illuminant-independent. They describe the spectrum of an object observed in a
given geometry. However, these measures on their own cannot account for the
human visual response, where the same object appears differently in changed
illumination conditions and which has only three color sensors.

3.1.2 CIE XYZ tristimulus values

In order to handle the above-mentioned drawbacks of the measured spectra, foun-
dations of trichromatic colorimeters have been investigated mainly by W
[Wri28], G [Gui31] and others. Supported by G’s law [Gra53] of the
additive color mixture and the principles of trichromacy, they studied chromatic
matchings with experiments executed by independent groups of observers. The
goal was to record the amounts of three additive primaries required to visually
match each of the color stimuli presented in a viewing field of 2◦. In 1931 the re-
sults gave rise to the introduction of the CIE standard colorimetric observer in terms
of tabulated CIE color-matching functions xλ, yλ and zλ, on which modern-day
colorimetry is still based [CIE86]. Later, in 1964, the CIE recommended the new
color-matching functions for more accurate correlations of visual color match-
ing of fields with an angular subtense greater than 2◦. The new color-matching
functions, x10λ , y10λ and z10λ , define the CIE supplementary standard colorimetric
observer. These functions were supplied by color-matching experiments of a 10◦

field completed by S and B [SB59] and S [Spe59].

As proposed by CIE, the tristimulus values of an illuminated object with the
spectral reflectance Rλ is the mathematical spectral product integration over the
total region of visible light

X = k
∫
λ

Rλ ·Iλ ·xλ dλ ,

Y = k
∫
λ

Rλ ·Iλ ·yλ dλ ,

Z = k
∫
λ

Rλ ·Iλ ·zλ dλ ,

k =
100∫

λ
Iλ ·yλ dλ

,

(3.3)

where X, Y and Z are the obtained tristimulus values of the object, and Iλ is the
relative spectral power distribution of the light source or illuminant of interest.
Applying the normalization constant k as defined in eq. (3.3) implies the use of
the relative colorimetry concept. The tristimulus values for transmitting materials
are determined by replacing Rλ with the spectral transmittance Tλ. In this thesis,
all colorimetric calculations were performed applying the color-matching func-
tions xλ, yλ and zλ and the standard illuminant D65 in accordance with the CIE
colorimetric recommendations.
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3.1.3 CIE LAB color space

CIELAB (1976) is one of the uniform color spaces recommended by CIE that pro-
vides a perceptually more equidistant metric of color differences. The dimensions
introduced in CIELAB correspond to the perceived lightness, chroma and hue of
an object color viewed by an observer adapted to average daylight. The intro-
duced space applies to comparisons of differences between object colors of the
same size and shape, viewed in identical white to medium-gray surroundings
[CIE78, p. 19].

The CIELAB calculation is based on a nonlinear compression of the tristimulus
values X, Y and Z normalized to the tristimulus of the reference white Xn, Yn and
Zn. The nonlinear compression was designed to account for the typical relation
between physical energy measurements and perceptual responses

L ∗ = 116 · f
( Y
Yn

)
− 16 ,

a ∗ = 500 ·
[

f
( X
Xn

)
− f

( Y
Yn

) ]
,

b ∗ = 200 ·
[

f
( Y
Yn

)
− f

( Z
Zn

) ]
, (3.4)

with f (x) =

 3√x ∀x > 0.008856

7.787·x + 16
116 ∀x ≤ 0.008856 .

The symbol ∀ is read as “for all”. The introduced coordinates are used to con-
struct a Cartesian color space. L ∗ represents lightness, a ∗ redness-greenness and b ∗

yellowness-blueness respectively. The cylindrical representation of the same space
is given by the radius C ∗ab, which is called the chroma of the color, and the hue
angle hab

C ∗ab =
√

a ∗ 2 + b ∗ 2 ,

hab = arctan
(

b ∗

a ∗

)
.

(3.5)

3.1.4 Color difference formulae

Though not strictly attained, the CIELAB color space is considered to be percep-
tually uniform throughout the space. Therefore, perceptual color differences∆E ∗ab
are as simple as a Euclidean distance between the coordinates of two stimuli

∆E ∗ab =
√

∆L ∗ 2 + ∆a ∗ 2 + ∆b ∗ 2 . (3.6)

A barely perceptible difference is equal to about 1∆E ∗ab unit [Hun98]. In 1994, CIE
recommended a revised color-difference system for industrial use called the CIE
∆E ∗94. The color-difference system improves the uniformity of the color-difference

12
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metric and is calculated as follows [CIE95]

∆E ∗94 =

√√(
∆L ∗

kL ·SL

)2

+

(
∆C ∗ab

kC ·SC

)2

+

(
∆H ∗ab

kH ·SH

)2

, (3.7)

with

∆H ∗ab =
√
∆a ∗ 2 + ∆b ∗ 2 − ∆C ∗ab

2 , and

kL = 1 , kC = 1 , kH = 1 ,

SL = 1 ,

SC = 1 + 0.045·
√

C ∗ab, 1 ·C
∗

ab, 2 ,

SH = 1 + 0.015·
√

C ∗ab, 1 ·C
∗

ab, 2 .

The factors kL, kC and kH adjust the weighting of lightness, chroma, and hue dif-
ferences respectively. In addition, the CIE established a set of reference conditions
that apply for the use of CIE ∆E ∗94 [Fai97, p. 95]:

Illumination: CIE illuminant D65

Illuminance: 1000 lux
Observer: normal color vision
Background: uniform, achromatic, L ∗ = 50
Viewing mode: object
Sample size: visual angle ≥ 4◦

Sample separation: direct edge contact
Color-difference magnitude: between 0 and 5 CIELAB units
Sample structure: no visually apparent pattern or nonuniformity.
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4 Optical models of color filters

Printed inks are either dissolved within a paper coating layer, as for instance
in wet printing technologies, or they are adhered, pressed and melted
on the paper surface as in most electrophotographic processes. Optically,
these ink layers behave like color filters in direct contact with the printed
substrate. Restricted to the case of solid prints, i.e. colors printed at 100%
area coverage, this chapter introduces some mathematical approaches
that can be used to analyze the optical properties of such a color filter.

4.1 Optical models of transparent color filters

Printing uses predominantly transparent or translucent inks that scatter light
weakly. Thus, in an initial approach, printed layers are treated roughly as optical
absorption filters. This section introduces the relevant optical models needed to
analyze transparent color filters.

The inks are assumed to be non-fluorescent, non-light scattering and non-
metallic. They do not incorporate optical interferences that lead to an iridescent
appearance. For further information about colors of various materials please refer
to [Cal98].

4.1.1 F reflection

At the interface of an optical filter, part of the incident radiant power is lost due
to surface reflection resulting from the discontinuity of the refractive index. Based
on F’s law, the reflectance ρ depends on the refractive index of the entering
side medium n1λ and on the index of the filter itself n2λ as well as on the angle
of incidence ϕ. Furthermore, ρ depends on the state of polarization, which is
neglected due to the commonly used circular, homogenous illumination in color
measurement equipment (section 3.1.1) .
15
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For unpolarized illuminated nonmetallic filters, the F reflectance is
given by [WS82, p. 52]

ρλ
(
ϕ
)
=
ρλq

(
ϕ
)
+ ρλ⊥

(
ϕ
)

2
, (4.1)

with

ρλq
(
ϕ
)
=


cos

(
ϕ
)
−

√(
n2λ
n1λ

)2
− sin2 (

ϕ
)

cos
(
ϕ
)
+

√(
n2λ
n1λ

)2
− sin2 (

ϕ
)


2

,

ρλ⊥
(
ϕ
)
=


(

n2λ
n1λ

)2
· cos

(
ϕ
)
−

√(
n2λ
n1λ

)2
− sin2 (

ϕ
)

(
n2λ
n1λ

)2
· cos

(
ϕ
)
+

√(
n2λ
n1λ

)2
− sin2 (

ϕ
)


2

.

For normal radiant incidence angle (ϕ = 0◦) eq. (4.1) reduces to

ρλ (0◦) =
(

n1λ − n2λ

n1λ + n2λ

)2

. (4.2)

4.1.2 Internal spectral transmittance

After being partially reflected from the filter’s boundaries, the remaining radiant
power is transmitted and partly absorbed through the filter medium. The inter-
nal spectral transmittance of a homogeneous, transparent filter is defined by the
ratio of the radiant power reaching the back surface of the filter to the power
that entered the filter at its front surface. This quantity cannot be directly mea-
sured without specific arrangements. According to B’s law, the internal
transmittance ϑλ is given by

ϑλ = 10−d·mλ , (4.3)

where d is the radiant diffusion length and mλ is the spectral absorptivity of the
medium. B’s law refers the absorptivity of the medium for moderately con-
centrated, non-scattering liquids, to the product of the extinction coefficient ελ of
the solution with its concentration c, hence

ϑλ = 10−d·c·ελ . (4.4)

By contrast, L’s law is often used to estimate transmittance values
of filters that vary only in terms of their thickness [WS82, p. 31]. It relates the
internal transmittance of the filter with a new thickness d to the reference internal
transmittance ϑ0λ and its reference thickness d0

ϑλ = ϑ
d

d0
0λ
. (4.5)
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4.1.3 Reflection and transmittance of transparent filters

The overall measured spectral transmittance τ fλ of an optical filter with plane-
parallel surfaces is subject to internal reflections between its boundaries. Within
the filter’s boundaries, a part ρiλ of the internal radiant power is reflected back
into the medium due to the transition of the refractive index (see section 4.1.1).
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Figure 4.1: Internal reflections in a filter interfacing two different media. The dashed rays
depict pure F factors.

Emerging through the filter again, the radiant is reabsorbed according to ϑλ, thus
augmenting the filter’s density. With a material transition and a given radiant
incidence angle, the underlying F reflectance ρλ is basically equal to 1−τλ,
where τλ is the F transmittance factor. However, this simple relation may
lose its general validity if different illumination geometries are considered [JW75,
p. 416]. Different factors are therefore observed, depending on the flux angle and
direction.

Furthermore, the F reflectance and transmittance factors at both sides
of the filter are not equal if the filter is interfacing two media of different refractive
indices. According to figure 4.1, the multiple reflection process forms an infinite
series of internal reflections and transmissions that defines τ fλ , yielding the gen-
eralized form of the filter transmittance and reflectance as follows [JW75, p. 440]

a

τ f12 λ
= τs1λ ·τi2λ ·ϑλ + τs1λ ·τi2λ ·ρi1λ ·ρi2λ ·ϑ

3
λ + τs1λ ·τi2λ ·ρ

2
i1λ
·ρ 2

i2λ
·ϑ 5
λ + · · ·

= τs1λ ·τi2λ ·
ϑλ

1 − ρi1λ ·ρi2λ ·ϑ
2
λ

, and accordingly (4.6)

ρ f12 λ
=ρs1λ + τs1λ ·τi1λ ·

ρi2λ ·ϑ
2
λ

1 − ρi1λ ·ρi2λ ·ϑ
2
λ

, (4.7)

where ρiλ and τiλare the F reflectance and transmittance factors at the inner
side of the considered interfaces. ρsλ and τsλ are the corresponding reflectance and
transmittance factors at the surface of the interfaces. These factors depend on the
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transition of the refractive indices which are almost constant over the measured
wavelength range of light. Therefore, the dependence of the F factors upon
the wavelength λ is ignored.

4.2 Optical models of translucent and turbid media

When light impinges on dissolved particles, such as colorant pigments or paper
fibers, in addition to being partially absorbed, it is also scattered, changing its
direction arbitrarily and several times in space. Light that passes through such
a turbid media loses a considerable part of its intensity, and the relationship
between the colorant concentration and the observed spectral response becomes
more and more complicated.

The analysis of light scattering in translucent, turbid media, such as clouds,
ice structures, human tissues, food and paper is a wide and yet increasingly
active research field. Hereafter, a few of the classical approaches will be briefly
reviewed. An extended survey of the reflectance theories for the reflectance of
diffusing media is given in [PID01].

4.2.1 Survey of fundamental light scattering theories

R scattering is a fundamental theory that provides a tool to analyze the
phenomenon of light scattered by air molecules. According to this theory, the
scattering power is strongly wavelength-dependent, which explains the blue ap-
pearance of the sky away from the sun. The theory can be extended to light
scattered from particles with a diameter of up to a maximum of a tenth of the
radiant wavelength. This restriction makes the theory impractical for analyzing
the scattering of light in technical opaque or translucent media.

The M theory, on the other hand, describes the scattered light from a sin-
gle spherical particle with a diameter that may be even larger than the scattered
wavelength. M scattering is less wavelength-dependent than R scatter-
ing and explains the almost white glare around the sun and the neutral colors
of fog and clouds. It is a single scattering theory that ignores any rescattered light
from neighboring particles. Therefore, without being further extended, this ap-
proach does not apply to light scattered from an assembly of particles [GB80].
To circumvent this disadvantage, the multiple scattering approach is proposed for
a particle crowding with an average separation between particles greater than
three particle diameters. However, when the particle crowding gets tighter, the
problem of dependent scattering begins to increase as M scattering starts to fail,
due to wavelength-dependent interference between the neighboring scatterers.

Nevertheless, most colorimetric problems do not require such elaborate han-
dling and, in technology, more emphasis is placed on simpler calculation meth-
ods. One of the most important simplified scattering approaches is based on a
theory known in astrophysics as the radiative transfer [Cha60]. In its original form
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it studies the transmission of light through absorbing and scattering media such
as stellar and planetary atmospheres. The radiative transfer equations are rather
complex, and the multichannel technique is a suitable approach that overcomes
the imposed complexity. This technique subdivides the analyzed medium into as
many channels as needed, each of them covering a different range of angles from
the perpendicular to the horizontal [MR71, MR72]. Each channel is supplied with
specific absorption and scattering coefficients, which determine how much light
is being absorbed and scattered into other channels. The interesting aspect of this
concept is its ability to connect the series of coefficients directly to M’s theory.
This helps to incorporate fundamental properties of the scatterer into the model,
such as the particle size and the refractive index.

Reducing the number of considered channels even further, one arrives at the
case of two-flux models proposed by S [Sch05] and other authors. How-
ever, the K & Mmodel, which is presented in the following section, is
probably the most recognized approach and best suits the purpose of analyzing
light scattered within colorant layers and paper sheets.

4.2.2 K-M’s theory

The original theory of K and M [KM31] was developed for uniform
colorant layers. Due to its simple use and its acceptable prediction accuracy, the
model has become widely used in industrial applications [JW75, 3rd. chapter]. It
is suitable for turbid layered media.

The eminent dimensionality of the scattering problem is reduced by assum-
ing that light is being absorbed and scattered only in two directions, up and
down. Thus, no special account need be taken of fluxes proceeding parallel to the
boundaries, and only two vertical fluxes need be considered. The illumination of
the top face of the turbid medium is expected to be homogeneous and diffuse.
Besides being infinitely extended, the concept assumes that the medium forms a
plane layer of constant, generally finite thickness. The material is presumed to be
homogeneous, i.e. the optical inhomogeneities are incomparably smaller than the
thickness of the specimen and uniformly distributed in the material. Finally, the
material is assumed to emit no fluorescent radiation. In addition, it is assumed
to have the same refractive index as the medium from which the light comes
[Kub48, Kub54].

As depicted in figure 4.2 the colorant layer has a total thickness D and is
in direct optical contact with a backing of reflectance Rbλ . The model analyzes
two fluxes through an elementary layer of thickness dz, the flux iλ(z) proceeding
downward, and jλ(z) simultaneously upward. The depth parameter z is consid-
ered to be zero at the background of the layer and D at the illuminated interface
of the layer.

During its passage throughdz, the upward flux jλ(z) is attenuated by absorption
αλ · dz and by scattering downwards σλ · dz. At the same time, jλ(z) gains by
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Figure 4.2: Light path consideration of the K–M model in conjunction with the
depth coordinate z. Both light fluxes within the colorant layer are diffuse.

scattering from the opposed flux amount to σλ · dz yielding the flux variation
d jλ(z) per thickness element dz

d jλ(z)
dz

= σλ · iλ(z) −
(
αλ + σλ

)
· jλ(z) , (4.8)

The corresponding variation of the downward flux iλ(z) is derived in the same
manner with the exception that dz is negative, as the process is occurring in the
reverse direction,

−
diλ(z)

dz
= σλ · jλ(z) −

(
αλ + σλ

)
·iλ(z) . (4.9)

The obtained differential equations (4.8) and (4.9) describe the net changes of
both light fluxes, iλ(z) and jλ(z). The equations are classified to the two-constant
theory, referring to the introduced colorant optical coefficients, absorption and
scattering. Using calculus methods, K and M first solved these equa-
tions for the special case of a colorant layer with an opaque thickness, i.e. any
further increasing of the layer thickness does not change its reflectance R∞λ

R∞λ = 1 +
αλ
σλ
−

√
αλ

2

σλ
2 +

2·αλ
σλ

. (4.10)

Analyzing a thinner layer, the colorant appears translucent and the backing of
reflectance Rbλ starts to shine through. K and M gave a general solution
for the reflectance Rλ of such a translucent layer using eq. (4.10)

Rλ =

Rbλ−R∞λ
R∞λ

− R∞λ ·
(
Rbλ −

1
R∞λ

)
·e
σ
λ

D
(

1
R∞λ
−R∞λ

)
Rbλ − R∞λ −

(
Rbλ −

1
R∞λ

)
·e
σ
λ

D
(

1
R∞λ
−R∞λ

) . (4.11)

Equation (4.11) is known as the exponential solution of the K–M analysis.
It ignores any surface or internal reflections at the colorant boundaries caused by
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Figure 4.3: Internal reflections considered by the S correction. The dashed rays
depict pure F factors.

the transition of the refractive indices. Usually, a measured reflectance Rmλ of a
colorant layer differs considerably from that Rλ given in eq. (4.11).

Based on figure 4.3, S presented a convenient adjustment of the
estimated value to the measurement, taking into account the ignored internal
reflections [Sau42, eq. 6]

Rmλ = ρs + τs ·τi ·
Rλ

1 − ρi ·Rλ
, (4.12)

where ρi and τi are the internal reflectance and transmittance factors at the inner
top boundary face. The emerging light flux jλ(z) at the top boundary is assumed
to be completely diffuse. ρs and τs are the specular reflectance and transmittance
factors of the incident light at the top surface of the layer.
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5 Classical halftone prediction models

As introduced in section 2.2, halftoning is the technique of converting
a continuous tone image to a screen of colored distinct dots of limited
intensity levels. Both the mechanical and the optical dot gain introduce
non-linearities in contrast to the linear processes assumed by most
common color prediction models. Nevertheless, these color models provide
first line prediction basics for printed patches and are therefore introduced
in this chapter [EH99, Kan99, WB00].

5.1 Color mixing

Colors produced by halftone prints are perceived as a combination of subtractive
and additive color mixing processes. Subtractive color mixing refers to the process
in which light passes through absorbing filters with the spectral transmittance
Tiλ , which are brought into optical contact. The resulting spectral transmittance
Tλ arises from a spectral subtraction of radiant power and is given in accordance
to B–L–B’s law by multiplying its constituent spectral factors

Tλ =
∏

i

Tiλ . (5.1)

An additive color mixing stimulus Iλ is a composition of different spectral power
distributions. Each power contribution Iiλ contributes to the resulting spectrum
Iλ weighted by its relative amount of occupied viewing field fi

Iλ =
∑

i

fi ·Iiλ . (5.2)

5.2 M–D, monochrome halftone model

The M–D model is a direct application of the additive color mixing
theory and is the most rudimentary predicting model of monochrome halftone
prints [Mur36]. Hereinafter, the terms substrate and paper are used synonymously.
In its original form, the M–Dmodel predicts the fractional area coverage
at from a halftone optical-density value D, which is the normalized area covered
by the printing ink. It is derived on the basis of figure 5.1, where the estimate R̂λ
23
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at · Rtλ + ( 1 − at ) · Rpλ

Figure 5.1: Light path considered in the M–D model.

of the spectral reflectance Rλ of a printed monochrome halftone is given by the
weighted sum of the constituent reflectances

R̂λ = at ·Rtλ + ( 1 − at )·Rpλ . (5.3)

The hat symbol ·̂ stands for the prediction of a corresponding measure. Solving
eq. (5.3) for at and replacing the reflectance estimate by the measurement yields
the simple area coverage estimate ât

ât =
Rλ − Rpλ

Rtλ − Rpλ
, which is equal to ât =

1 − 10−D

1 − 10−Dt
, (5.4)

where D = − log10

( R
Rp

)
and Dt = − log10

( Rt

Rp

)
. (5.5)

Dt is the normalized density of a monochrome ink of tint t printed at full area
coverage. Rp is the reflectance of the bare unprinted substrate and R is the mea-
sured reflectance of the halftone print. Equation (5.5) establishes the relationship
between normalized density terms and the reflectance spectra.

The M–D equation assumes uniform inked areas and an ideal and
uniform substrate. Under these assumptions, the predicting equation can be con-
sidered a linear interpolation between the substrate reflectance and the reflectance
of the printed ink. It is an intuitive, elementary physical approach that neglects
many accompanying effects such as F’s reflection and light scattering. In
practice, the prediction is not satisfyingly accurate, neither with the theoretical
area coverage atin , nor with a fitted effective area coverage at f it obtained by fitting
eq. (5.3) to the measured reflectance spectra Rλ simultaneously over all spec-
tral values. A corresponding example of estimating a magenta halftone print is
shown in figure 5.2. The input area coverage atin was set to 35.1%. With this nom-
inal coverage, the prediction equation (5.3) yields a colorimetric error of as much
as 44.7 ∆E ∗ab units. Also, the fitted effective area coverage at f it of 77.1% yields an
estimation error of 11.7 ∆E ∗ab. These poor estimation accuracies demonstrate the
nonlinearity of the halftoning process.

5.3 Y–N correction

Light scattering is one of the main inaccuracy reasons in eq. (5.3). Based on figure
5.3, an elementary adjustment—called the Y–N correction [YN51]—is
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Figure 5.2: M–D based estimation of a magenta halftone print on an electropho-
tographic printer with a nominal area coverage of 35.1%. R̂inλ and R̂ f itλ are the halftone
reflectance estimates applying the input area coverage at in and the fitted one at f it as pa-
rameters of equation (5.3) respectively.
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Figure 5.3: Considered light path in the Y–N model.

proposed for substrates with a large light diffusion length. Neglecting any F
reflection at the print surface, the transmitted light into the substrate is considered
to be partially absorbed by a homogenous filter. Applying the M–D
equation (5.3), the spectral transmittance tλ of the print layer is given by

tλ = at ·Ttλ + ( 1 − at )·Tsλ , (5.6)

with Tsλ the transmittance of the paper-white surface, usually equal to 1. Ttλ is
the transmittance of the ink layer derived based on L’s law

Rtλ = Ttλ ·Rpλ ·Ttλ , yielding Ttλ =
√

Rtλ/Rpλ (5.7)

assuming light traveling back and forth through the ink. With increasing light
diffusion length, the entered ray begins to be completely scattered, i.e. the proba-
bility that it will exit through an inked or non-inked area is independent of the
entrance position and is proportional to its surface coverage at [Rog97]. Hence,
the radiant power is diffusely reflected by the substrate inner reflectance Rpbλ and
is reabsorbed again by tλ
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R̂λ = Rpbλ ·
(

at ·Ttλ + ( 1 − at )·Tsλ

)2
, (5.8)

which is rearranged to

R̂λ =
(

at ·
√

Rtλ + ( 1 − at )·
√

Rpbλ

)2
(5.9)

using Rtλ = Rpbλ ·T
2
tλ and Tsλ ≡ 1 .

In order to improve fits of experimental data, Y–N introduced their
equation in a more general form. They proposed using an adjustable parameter n,
called the n-value, as exponents in eq. (5.9)

R̂λ =
(

at ·
n
√

Rtλ + ( 1 − at )· n
√

Rpbλ

)n
. (5.10)

Rpbλ is usually set to Rp, the bare paper or substrate reflectance. From a physical
point of view, using n-values of 1 ≤ n ≤ 2 accounts for intermediate light diffu-
sion length, between M–D’s non-scattering condition up to complete
scattering [RH78]. However, in practice, some reports claim to achieve better fits
using n-values higher than two, representing corrections of other effects, such as
scattering inks, variations in dot densities [SM93, WB00] or internal reflections
[Rog00]. Figure 5.4 illustrates a comparison of two predictions obtained by fitting
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Figure 5.4: Y–N based estimation (same data as in figure 5.2).

both parameters at and n of equation (5.10) simultaneously. The measured data are
the same as those presented in section 5.2. The illustrated estimation R̂2λ , marked
by the circles, represents the case of complete scattering. It is obtained using a
fitted area coverage at f it of 65% and a fixed n-value to 2, yielding an estimation
error of 3.6∆E ∗ab. The second estimation R̂xλ , marked by the triangles, is obtained
with a simultaneously fitted effective area coverage at f it of 60% and an n-value of
3.5, yielding an error of less than 1 ∆E ∗ab.
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5.4 C–Y, internal reflections model

Another approach in considering the effective light path within halftone printed
substrates was proposed a couple of years later by C–Y [CY53], as illus-
trated in figure 5.5. Following an incident ray of unity power, a first component
falls off by surface reflection ρap due to the refractive index transition at the air-
paper interface. The front side is considered to be formed mainly by the paper,
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Figure 5.5: Considered light path in the C–Y model. �

either without ink or with a given ink coverage. Using a 45/0◦-spectrophotometer,
only a part Ks of the surface reflection ρap is measured. The outstanding remainder
1 − ρap enters the substrate body and is attenuated at the ink layer by tλ given
in equation (5.6). Within the substrate and on its reverse side, the paper-backing
boundary at the latest, the incident ray is partially absorbed and reflected by the
paper’s body inner reflectance Rpbλ . Due to the different refractive indices at the
front side, the ray emerging from the substrate loses a fraction ρpa by reflection at
the paper-air boundary into the substrate body. The reflected fraction resumes a
new cycle of internal reflections and passes through the ink layer a second time,
hence it is attenuated by

qλ =at ·T 2
tλ + ( 1 − at )·T 2

sλ . (5.11)

The estimated reflected light R̂λ is then the sum of all the fractions emerging from
the front side into the instrument aperture

R̂λ =Ks ·ρap + surface reflection(
1 − ρap

)
·

(
1 − ρpa

)
·Rpbλ ·

(
at ·Ttλ + ( 1 − at )·Tsλ

)2
+ 1st emergence(

1 − ρap
)
·

(
1 − ρpa

)
·Rpbλ ·

(
at ·Ttλ + ( 1 − at )·Tsλ

)2
×

ρpa ·Rpbλ ·
(

at ·T 2
tλ + ( 1 − at )·T 2

sλ

)
+ · · · 2nd emergence(

1 − ρap
)
·

(
1 − ρpa

)
·Rpbλ ·

(
at ·Ttλ + ( 1 − at )·Tsλ

)2
×[

ρpa ·Rpbλ ·
(

at ·T 2
tλ + ( 1 − at )·T 2

sλ

) ]n−1
. nth emergence
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The sum of this infinite series yields

R̂λ =Ks ·ρap +

(
1 − ρap

)
·

(
1 − ρpa

)
·Rpbλ ·

(
at ·Ttλ + ( 1 − at )·Tsλ

)2

1 − ρpa ·Rpbλ ·
(

at ·T 2
tλ
+ ( 1 − at )·T 2

sλ

) , (5.12)

which is particularly familiar to the S correction for solid prints equa-
tion (4.12).

C–Y’s model is an extension of the Y–N correction in its
physically relevant complete scattering form, equation (5.8), taking into account
the internal reflections at the boundary between the substrate and the air. Figure
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Figure 5.6: C–Y based estimation (same data as in figure 5.2).

5.5 illustrates a prediction example obtained by fitting all the unknown parame-
ters of equation (5.12) simultaneously to spectral reflectance measurements of the
paper-white Rpλ , the solid ink Rtλ and the halftone print Rλ. The unknown pa-
rameters comprise the area coverage at, the specular reflectance factor ρap and its
importance Ks, the inner reflectance factor ρpa, the inner substrate reflectance R̂pbλ
as well as the inner ink transmittance T̂tλ . The obtained estimate of the halftone
reflectance R̂λ is marked by the triangles. In accordance with the case of diffuse
internal reflection reported by J [Jud42], the estimated inner reflection coeffi-
cient ρpa reaches 58% and the surface reflection ρap equals 4.8%. Ks is 25% and at f it

55%. This application demonstrates the effectiveness of the C–Ymodel,
yielding an almost exact match between the prediction and the results, with an
estimation error of as little as 0.2 ∆E ∗ab on a halftone patch of the calibration set.
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5.5 N, halftone color predicting model

In color halftones, the dots of the process colors—cyan, magenta and yellow,
(CMY)—are printed partially in overlap and partially adjacent to each other. The
colors of the overlapped dots are combined according to subtractive mixing (sec-
tion 5.1) producing red (R = M + Y), green (G = C + Y), blue (B = C +M) and
black (K = C + M + Y). Analyzing such a trichromatic halftone print, N-
 recognized the additive-like behavior of these dominant colors in addition
to the paper-white, the so-called eight N-colors [Neu37]. According to
eq. (5.2) the spectral reflectance estimate R̂λ of the composed color is the sum
of the reflectances of its constituent tints Rtλ weighted by their respective spatial
occupation ft

R̂λ = fw ·Rwλ + fc ·Rcλ + fm ·Rmλ + fy ·Ryλ+

fr ·Rrλ + fg ·Rgλ + fb ·Rbλ + fk ·Rkλ ,
(5.13)

or R̂λ =
∑

i∈Nngb

fi ·Riλ , (5.14)

with Nngb =
{
w, c,m, y, r, g, b, k

}
the dominant color set .

Obviously, if eq. (5.14) is extended by Y–N to improve the results, the
combination yields [Vig85, Vig90]

R̂λ =

 ∑
i∈Nngb

fi · n
√

Riλ


n

. (5.15)

Given a statistical independent halftone color dot placement, i.e. if the cross-
correlation between the color halftone planes are negligible, the spatial occupation
factors ft are easily calculated applying D’s equation [Dem24]

fw = (1 − ac)·(1 − am)·(1 − ay) , fr = am ·ay ·(1 − ac) ,

fc = ac ·(1 − am)·(1 − ay) , fg = ac ·ay ·(1 − am) ,

fm = am ·(1 − ac)·(1 − ay) , fb = ac ·am ·(1 − ay) , (5.16)

fy = ay ·(1 − ac)·(1 − am) , fk = ac ·ay ·am ,

using the input halftone area coverage at of the halftone process color planes.

5.6 Shortcomings of the classical models

None of the reviewed classical models is able to predict the printer’s correct spec-
tral response as a function of the input color halftone screens. The input halftone
is composed of digital pixels placed on a square digital grid. In practice however,
depending on the printer characteristics, the screen dots are usually formed as a
circle, an ellipsis, a square or other shapes [Kan99]. And, due to uncontrollable
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process residuals, the reproduced screen dots may vary dramatically in shape
from their ideal geometry, resulting in irregular, sometimes highly distorted dots.
The resulting distortion of the dot formation causes major difficulties in estimat-
ing the effective area coverage of a particular halftone scheme at various tone
levels. With increasing tone values, as soon as freestanding dots simultaneously
join, they induce a non-continuous tonal reproduction curve yielding irregular-
ities known as tone breaks. Finally, when printing with multiple primary colors
it is most likely that different color halftone layers interfere with one another. In
conventional printing technologies, this phenomenon is commonly referred to as
ink trapping.

To calibrate the printer tone reproduction curve without a model that con-
siders these effects, it is common to follow a lookup-table approach. In the device
independent color management approach, the CIELAB coordinates of thousands
of printed color halftone patches are measured and tabulated according to the re-
quested input color coverages (ac, am, ay and ak). To a certain degree, the obtained
table reproduces an acceptable numerical approximation of the characteristic
reproduction curve. It is an empirical, so-called forward printer model, which pre-
dicts the color coordinates based on the CMYK printer input values. The inversion
of this table by multidimensional nearest neighbor operation and interpolation
yields the calibration profile needed for the printer. The calibration profile de-
termines the CMYK input values that best reproduce the required CIELAB color
coordinates.

However, the use of such a lookup-table is specific to the type of paper, the
actual halftone scheme and to other process parameters that were valid during the
calibration process. Changing one of the parameters forces the user to remeasure
and recalibrate the profile; a cumbersome and time-consuming task.

Applying models that account for the physical characteristics of the repro-
duction process should facilitate the analysis and calibration of the system. Such
a model is the subject of the subsequent investigation report.

30



Modelling
light scattering in paper

31





6 Lateral light scattering in paper

Identifying and characterizing each subprocess of a whole system is the
basis for any control and calibration approach. The color response of any
printing device is greatly determined by the interaction between light and
the paper used. This may be regarded as an independent subsystem.
Paper is translucent, and the background shines through it. In addition, any
incident or emerging radiant fluxes, into or from the paper, are affected by
the refractive index transition at its interfaces. Hence, the optical properties
of the paper body as well as of its top and bottom boundaries need to be
carefully considered. This chapter analyzes the internal reflections at the
upper and lower paper boundaries and proposes a model of lateral light
scattering in the paper bulk. It extends the K–M approach in order
to model the interaction of light with multi-color halftone prints.

6.1 Extending the K–M theory

Lateral light scattering is often modeled by a point spread function (PSF). In the
literature, several approaches for modeling the PSF of paper are known. Most of
them were determined empirically, see for instance [RH78], or they assume a spe-
cific type of function [FRGS82, Rog99]. Others are based on numerical simulations
[Gus97, YGK01], microscopic reflectance measurements [AEZ95, SNY98], image
processing [NG93], multi-flux theory [JVS01] or radiative diffusion [Rog97].

Nevertheless, due to its simplicity and relevance among the concurrent light
scattering theories (section 4.2.1), the theory of K–M [KM31] has found
widespread acceptance for modeling the reflectance and transmittance behavior
of scattering dull materials with the same surface characteristics over a wide area.
However, halftone prints cannot be regarded as infinitely wide colorant layers,
and the original concept fails to predict their measured color. In this respect,
a recent improvement was provided by B [Ber97]. He introduced a lateral
analysis of scattering light and presented an approach based on K–M,
which, by numerical evaluation, predicts the point transmittance and reflectance
profile of an ideal line print. However, his approach remains limited to a two-
dimensional model and ignores the influences of brightened paper or of internal
reflections at the interfaces of the paper.

The present chapter proposes a model which analyzes the scattering light
fluxes in a general three-dimensional space. The transition of the refractive index
at the edges of the paper are taken into account by adjusting the S
correction and applying it to the boundary conditions of the scattering differential
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equation system. These boundary conditions allow for the internal reflections at
both interfaces of a single or double-sided printed paper sheet, where the reverse
side is covered with a solid color or no color at all. Furthermore, the model
considers the optical behavior of brightened papers, which is introduced in the
following section.

6.1.1 Considering brightened papers

Basically, the optical properties of brightened office papers are affected by en-
closed fluorescent brightening or whitening additives. The supplied brighteners
absorb a certain energy of the ultraviolet () rays within the invisible upper fre-
quency band, called the excitation spectrum φeλ [Emm98]. Then, a specific amount
of the absorbed energy, determined by the quantum yield, is released by radia-
tive relaxation in the visible band, called the fluorescence spectrum φ fλ . Fluorescent
additives compensate for the yellowish appearance of natural non-brightened pa-
pers. Since the emission of the fluorescence spectrum occurs within the paper’s
body in all space directions, the fluorescent emission acts like a diffuse partial
light source or converter. Consequently, the brightening effect amplifies the ef-
fects of the optical dot gain in the bluish range of the visible light and must be
considered when analyzing the paper’s point spread function (PSF).

In addition, according to the absorptance spectrum of the applied inks, any
printed layer at the top of a brightened paper may absorb a part of the excitation
spectrum by acting as an upper-frequency band filter (as will be seen in section
7.2.1). This filter reduces the fluorescent spectrum and, beneath the ink layer, the
paper-white becomes yellowish again. For translucent inks, this effect emphasizes
the importance of taking the fluorescence of the paper bulk into account.

6.2 Three dimensional scattering analysis

Two analyzing approaches are presented in this section. The first analysis is car-
ried out in a cartesian, three-dimensional coordinate system. The second analysis
applies a simplifying cylindrical symmetry and is carried out in a polar coordinate
system.

6.2.1 Light scattering in cartesian coordinates

Figure 6.1 illustrates the spectral light scattering analysis applied to a tiny volume
cube of a paper sheet with a total thickness D, which is placed at the origin of
a cartesian coordinate system x, y, and z. As with K–M’s theory and
B’s approach, the concept assumes finite and continuous light fluxes within the
medium. It analyzes the downward and upward oriented fluxes

(
iλ, jλ

)
in addition

to the lateral fluxes along the increasing and decreasing x–axis
(
pλ, qλ

)
as well as

along the y–axis (rλ, sλ) respectively. Any light flux entering the infinitesimal
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Figure 6.1: Considered optical fluxes in the cartesian coordinate system.

volume cube dxdydz from a direction x1, loses a fractional amount by scattering
into a direction x2 determined by σx1x2 λ ·dx dy dz. In addition, the light flux loses
αλ ·dx dy dz by absorption and φeλ ·dx dy dz by brightener excitation. At the same
time, it gains a corresponding amount σx2x1 λ·dx dy dz by scattering from direction
x2 and φ fλ ·dx dy dz by fluorescence from its own flux and from the other fluxes
yielding for the case of iλ

iλ
(
x, y, z

)
· dxdy = iλ

(
x, y, z+dz

)
· dxdy +

[ (
φ fλ+ σ jiλ

)
· jλ

(
x, y, z

)
+(

φ fλ− φeλ− αλ− σi jλ− σipλ− σiqλ− σirλ− σisλ

)
·iλ

(
x, y, z+dz

)
+(

φ fλ+ σpiλ

)
·pλ

(
x, y, z

)
+

(
φ fλ+ σqiλ

)
·qλ

(
x+dx, y, z

)
+ (6.1)(

φ fλ+ σriλ

)
·rλ

(
x, y, z

)
+

(
φ fλ+ σsiλ

)
·sλ

(
x, y+dy, z

) ]
· dxdydz ,

where αλ is the specific spectral absorption coefficient per unit volume. σx1x2 λ

is the specific spectral scattering coefficient of a ray emerging from direction
x1 and distracted to direction x2. φeλ and φ fλ are the normalized excitation and
fluorescent spectra respectively. Accordingly the radiant balance of the remaining
fluxes are

jλ
(
x, y, z+dz

)
· dxdy = jλ

(
x, y, z

)
· dxdy +

[ (
φ fλ+ σi jλ

)
·iλ

(
x, y, z+dz

)
+(

φ fλ− φeλ− αλ− σ jiλ− σ jpλ− σ jqλ− σ jrλ− σ jsλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σpjλ

)
·pλ

(
x, y, z

)
+

(
φ fλ+ σqjλ

)
·qλ

(
x+dx, y, z

)
+(

φ fλ+ σrjλ

)
·rλ

(
x, y, z

)
+

(
φ fλ+ σsjλ

)
·sλ

(
x, y+dy, z

) ]
· dxdydz , (6.2)
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pλ
(
x+dx, y, z

)
· dydz = pλ

(
x, y, z

)
· dydz +

[ (
φ fλ+ σqpλ

)
·qλ

(
x+dx, y, z

)
+(

φ fλ− φeλ− αλ− σpqλ− σpiλ− σpjλ− σprλ− σpsλ

)
·pλ

(
x, y, z

)
+(

φ fλ+ σipλ

)
·iλ

(
x, y, z+dz

)
+

(
φ fλ+ σ jpλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σrpλ

)
·rλ

(
x, y, z

)
+

(
φ fλ+ σspλ

)
·sλ

(
x, y+dy, z

) ]
· dxdydz , (6.3)

qλ
(
x, y, z

)
· dydz = qλ

(
x+dx, y, z

)
· dydz +

[ (
φ fλ+ σpqλ

)
·pλ

(
x, y, z

)
+(

φ fλ− φeλ− αλ− σqpλ− σqiλ− σqjλ− σqrλ− σqsλ

)
·qλ

(
x+dx, y, z

)
+(

φ fλ+ σiqλ

)
·iλ

(
x, y, z+dz

)
+

(
φ fλ+ σ jqλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σrqλ

)
·rλ

(
x, y, z

)
+

(
φ fλ+ σsqλ

)
·sλ

(
x, y+dy, z

) ]
· dxdydz , (6.4)

rλ
(
x, y+dy, z

)
· dxdz = rλ

(
x, y, z

)
· dxdz +

[ (
φ fλ+ σsrλ

)
·sλ

(
x, y+dy, z

)
+(

φ fλ− φeλ− αλ− σrsλ− σriλ− σrjλ− σrpλ− σrqλ

)
·rλ

(
x, y, z

)
+(

φ fλ+ σirλ

)
·iλ

(
x, y, z+dz

)
+

(
φ fλ+ σ jrλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σprλ

)
·pλ

(
x, y, z

)
+

(
φ fλ+ σqrλ

)
·qλ

(
x+dx, y, z

) ]
· dxdydz , (6.5)

sλ
(
x, y, z

)
· dxdz = sλ

(
x, y+dy, z

)
· dxdz +

[ (
φ fλ+ σrsλ

)
·rλ

(
x, y, z

)
+(

φ fλ− φeλ− αλ− σsrλ− σsiλ− σsjλ− σspλ− σsqλ

)
·sλ

(
x, y+dy, z

)
+(

φ fλ+ σisλ

)
·iλ

(
x, y, z+dz

)
+

(
φ fλ+ σ jsλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σpsλ

)
·pλ

(
x, y, z

)
+

(
φ fλ+ σqsλ

)
·qλ

(
x+dx, y, z

) ]
· dxdydz , (6.6)

Usually, the excitation spectrum lies entirely within the invisible frequency band
and does not contribute to the visible color appearance of a medium. Therefore,
any absorption due to brightener excitation is neglected and hereinafter, φeλ is set
equal to 0.

The balance equations (6.1–6.6) are developed applying a T series ex-
pansion to the fluxes at the coordinates x+dx, y+dy and z+dz as follows

iλ
(
x, y, z+dz

)
= iλ

(
x, y, z

)
+
∂ iλ

(
x, y, z

)
∂ z

· dz+

1
2
·
∂ 2 iλ

(
x, y, z

)
∂ z2 · dz2 +

1
6
·
∂ 3 iλ

(
x, y, z

)
∂ z3 · dz3 + · · · . (6.7)

The higher order terms of the resulting series are neglected by assuming analyt-
ical, continuous light fluxes, which vary linearly within smallest volume cubes
yielding

iλ
(
x, y, z+dz

)
= iλ

(
x, y, z

)
+
∂ iλ

(
x, y, z

)
∂ z

· dz . (6.8)
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Applying equation (6.8) to the flux balance equation (6.1) and neglecting φeλ as
mentioned above yields

iλ
(
x, y, z

)
· dxdy = iλ

(
x, y, z

)
· dxdy +

[ ∂ iλ
(
x, y, z

)
∂ z

+
(
φ fλ+ σ jiλ

)
· jλ

(
x, y, z

)
+(

φ fλ− αλ− σi jλ− σipλ− σiqλ− σirλ− σisλ

)
·

(
iλ
(
x, y, z

)
+
∂ iλ

(
x, y, z

)
∂ z

· dz
)
+(

φ fλ+ σpiλ

)
·pλ

(
x, y, z

)
+

(
φ fλ+ σqiλ

)
·

(
qλ

(
x, y, z

)
+
∂ qλ

(
x, y, z

)
∂ x

· dx
)
+ (6.9)(

φ fλ+ σriλ

)
·rλ

(
x, y, z

)
+

(
φ fλ+ σsiλ

)
·

(
sλ

(
x, y, z

)
+
∂ sλ

(
x, y, z

)
∂ y

· dy
) ]
· dxdydz .

Reducing the analyzed dimensions further yields an infinitesimal cube which
makes it possible to ignore any non-linear differentials dx2, dy2 and dz2. This
leads to the following system of coupled partial linear differential equations

∂ iλ
(
x, y, z

)
∂ z

=−
(
φ fλ+ σ jiλ

)
· jλ

(
x, y, z

)
−(

φ fλ− αλ− σi jλ− σipλ− σiqλ− σirλ− σisλ

)
·iλ

(
x, y, z

)
−(

φ fλ+ σpiλ

)
·pλ

(
x, y, z

)
−

(
φ fλ+ σqiλ

)
·qλ

(
x, y, z

)
−(

φ fλ+ σriλ

)
·rλ

(
x, y, z

)
−

(
φ fλ+ σsiλ

)
·sλ

(
x, y, z

)
, (6.10)

∂ jλ
(
x, y, z

)
∂ z

=
(
φ fλ+ σi jλ

)
·iλ

(
x, y, z

)
+(

φ fλ− αλ− σ jiλ− σ jpλ− σ jqλ− σ jrλ− σ jsλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σpjλ

)
·pλ

(
x, y, z

)
+

(
φ fλ+ σqjλ

)
·qλ

(
x, y, z

)
+(

φ fλ+ σrjλ

)
·rλ

(
x, y, z

)
+

(
φ fλ+ σsjλ

)
·sλ

(
x, y, z

)
, (6.11)

∂ pλ
(
x, y, z

)
∂ x

=
(
φ fλ+ σqpλ

)
·qλ

(
x, y, z

)
+(

φ fλ− αλ− σpqλ− σpiλ− σpjλ− σprλ− σpsλ

)
·pλ

(
x, y, z

)
+(

φ fλ+ σipλ

)
·iλ

(
x, y, z

)
+

(
φ fλ+ σ jpλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σrpλ

)
·rλ

(
x, y, z

)
+

(
φ fλ+ σspλ

)
·sλ

(
x, y, z

)
, (6.12)

∂ qλ
(
x, y, z

)
∂ x

=−
(
φ fλ+ σpqλ

)
·pλ

(
x, y, z

)
−(

φ fλ− αλ− σqpλ− σqiλ− σqjλ− σqrλ− σqsλ

)
·qλ

(
x, y, z

)
−(

φ fλ+ σiqλ

)
·iλ

(
x, y, z

)
−

(
φ fλ+ σ jqλ

)
· jλ

(
x, y, z

)
−(

φ fλ+ σrqλ

)
·rλ

(
x, y, z

)
−

(
φ fλ+ σsqλ

)
·sλ

(
x, y, z

)
, (6.13)
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∂ rλ
(
x, y, z

)
∂ y

=
(
φ fλ+ σsrλ

)
·sλ

(
x, y, z

)
+(

φ fλ− αλ− σrsλ− σriλ− σrjλ− σrpλ− σrqλ

)
·rλ

(
x, y, z

)
+(

φ fλ+ σirλ

)
·iλ

(
x, y, z

)
+

(
φ fλ+ σ jrλ

)
· jλ

(
x, y, z

)
+(

φ fλ+ σprλ

)
·pλ

(
x, y, z

)
+

(
φ fλ+ σqrλ

)
·qλ

(
x, y, z

)
, (6.14)

∂ sλ
(
x, y, z

)
∂ y

=−
(
φ fλ+ σrsλ

)
·rλ

(
x, y, z

)
−(

φ fλ− αλ− σsrλ− σsiλ− σsjλ− σspλ− σsqλ

)
·sλ

(
x, y, z

)
−(

φ fλ+ σisλ

)
·iλ

(
x, y, z

)
−

(
φ fλ+ σ jsλ

)
· jλ

(
x, y, z

)
−(

φ fλ+ σpsλ

)
·pλ

(
x, y, z

)
−

(
φ fλ+ σqsλ

)
·qλ

(
x, y, z

)
. (6.15)

The result is a rather complex system, which cannot be directly solved. In particu-
lar, the simultaneous variation in three independent coordinates poses a profound
handicap. Nonetheless, pursuing the concept of B [Ber97, p. 65], the lateral
components pλ

(
x, y, z

)
, qλ

(
x, y, z

)
, rλ

(
x, y, z

)
and sλ

(
x, y, z

)
can be canceled out of

the equation system by applying a two-dimensional F transform along the
horizontal coordinates x and y.

The large number of scattering coefficients induces serious calibration diffi-
culties and must be reduced and simplified further. For this purpose, the semi
isotrope scattering approach was presented in [MESH01, sec. 5]. The number of
considered scattering parameters is reduced to only two distinct coefficients. The
reflecting parameter σrλ accounting for the fraction of light flux being scattered
back into the original direction, from which the radiant ray emerged, and the
distracting parameter σsλ representing all other sub-fluxes scattered into any other
spatial direction

σxλ = σrλ for x ∈ { i j ji pq qp rs sr } , (6.16)

σxλ = σsλ for x ∈


ip iq ir is jp jq jr js
pi pj pr ps qi qj qr qs
ri r j rp rq si s j sp sq

 . (6.17)

Applying these concepts, the differential equations are simplified and solved in
section 6.3 after applying appropriate boundary conditions.

6.2.2 Light scattering in polar coordinates

The spectral measurements of common spectrophotometers are circular symmet-
ric, due to the setup of their illumination and sensing components (section 3.1.1).
This makes it possible to further simplify the analysis of the scattering light by
choosing a polar coordinate system (r, θ, z) as illustrated in figure 6.2. The result-
ing radiant balances as well as the derived differential equation system and the
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Figure 6.2: Considered optical fluxes in the polar coordinate system. π .

obtained modulation transfer function are all identical to the cartesian relations
derived in section 6.2.1. Only the coefficients are slightly simplified. For simplicity,
the presentation of the complete mathematics is described in appendix A.3.

Strictly speaking, the circular approach implies the assumption of a circular
symmetrical halftone print. Combined with the reduced dimensionality, this re-
striction appears unacceptable for color halftone printing. However, substituting√

x2 + y2 for r and ignoring the circular symmetry restriction yields a simplified
approach of negligible numerical artifacts as will be presented in section 7.2.4.

6.3 Solving the light scattering model in the cartesian
coordinates system

The cartesian light scattering model equations (6.10)–(6.15) are solved by applying
a F transformation and boundary conditions as presented in the following
subsections.

6.3.1 Simplifying the differential equation system

To model the reflectance or the transmittance of halftone prints, only the ver-
tical fluxes need to be solved. Following the solving concept discussed earlier,
the differential equation system (6.10)–(6.15) is transformed by applying a two-
dimensional F transform Fx,y on the lateral dimensions x and y [Bra00,
p. 330]. The obtained lateral frequencies are χ and ψ. Using the simplifying dif-
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ferentiation theorem of the two-dimensional F transform

Fx,y

[
∂ g

(
x, y, z

)
∂ x

]
= 2π i·χ·G

(
χ,ψ, z

)
and (6.18)

Fx,y

[
∂ g

(
x, y, z

)
∂ y

]
= 2π i·ψ·G

(
χ,ψ, z

)
(6.19)

changes the differential nature of the four lateral equations (6.12)–(6.15) to com-
mon algebraic equations. G is the F transform of g and i is the imaginary
constant. Processing the transformed system algebraically with M®

[Wol00] cancels the lateral equations, and the equation systems are reduced to the
following perpendicular F transformed differential equations

∂Iλ
(
χ,ψ, z

)
∂ z

= a12χψ, λ ·Jλ
(
χ,ψ, z

)
+ a21χψ, λ ·Iλ

(
χ,ψ, z

)
, (6.20)

−
∂Jλ

(
χ,ψ, z

)
∂ z

= a12χψ, λ ·Iλ
(
χ,ψ, z

)
+ a21χψ, λ ·Jλ

(
χ,ψ, z

)
, (6.21)

with Iλ
(
χ,ψ, z

)
andJλ

(
χ,ψ, z

)
the F transform of the perpendicular fluxes

iλ
(
x, y, z

)
and jλ

(
x, y, z

)
. a12χψ, λ and a21χψ, λ are substitution constants formulated in

detail in appendix A.1.

6.3.2 Paper boundary interreflections

The obtained equations (6.20) and (6.21) are only valid within the continuum of the
paper body. Therefore, it is important to choose adequate boundary conditions,
and special care must be taken with the physical discontinuities of the paper sheet.
On the one hand, the boundary conditions strongly affect the model’s accuracy
and complexity. On the other hand, they bridge the pure mathematics with the
measured physics.

As described in section 3.1.1, the spectral measurements are performed using
common spectrophotometers with an approximately circular (45/0◦)-illumination.
The proposed model analyzes a paper sheet in a reflectance or transmittance mea-
surement mode. The paper is placed in both modes on a backing with a known
spectral reflectance Rbλ . The paper faces may be covered with a coating layer.
Hereinafter, the word coating is used as a generic term, which also includes any
printed ink layers. The inks are assumed to be non-fluorescent and non-scattering.
For scattering inks, one may consider extending the presented approaches by
the extensions proposed by K [Kub54, eq. (8)+(10)] or more recently by
S [SOS98, eq. (7)]. Extensions taking into account fluorescent inks may
rely on the approach of E [EH98, Emm98].

As illustrated in figure 6.3, the proposed model considers solid or halftone color
prints at the front side of the paper and solely solid prints at the reverse side of the
paper. The analyzed substrates are assumed to have almost the same refractive
index as air, which is in general agreement with commonly used office papers. For
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Figure 6.3: Scheme of the considered interreflections at the boundaries of a double
side printed paper sheet. The dashed radiant represents the fluxes within the continuum
of the paper substrate. i0λ and j0λ are the illuminations of a reflectance or transmittance
measurement respectively.

high gloss or photo paper alternative considerations are needed and therefore,
these papers extend beyond the scope of this thesis.

Any light flux passing through the coating interfaces is subject to multiple re-
flections [Tuc47]. Basically, multiple internal reflections (also called interreflection)
within an optical layer induce a lateral spreading of the light fluxes. However,
this lateral spreading is negligible since the coating layers are usually much thin-
ner than a paper thickness. Hence, the considered optical dot gain is assumed
to be mainly influenced by the scattered light within the paper bulk. However,
multiple reflections also induce an augmentation of the filter density as seen in
section 4.1.3. The present model considers these density augmentations by apply-
ing adopted S corrections, see equation (4.12). These corrections take
the multiple reflections into account and determine the fraction of light being
transmitted through or reflected by the paper interfaces as illustrated in figure
6.3. At the front side these corrections include the directly reflected fraction from
the coating ρapλ , the transmitted fraction into the paper bulk τapλ as well as the
transmission back from the paper into the air τpaλ . At the reverse side, the correc-
tions account for the reflection back into the paper bulk ρpbλ and the transmission
from the backing into the paper body τbpλ for the case of a transmittance measure-
ment. The derivation introduced hereafter is based on the interreflections within
a simple optical filter presented in section 4.1.3.

Each printed interface of a paper sheet acts as an independent filter placed in
contact with the substrate. In the case under consideration, where the refractive
index of paper and air are almost equal, the F factors at the air and at the
substrate interface of the coating layer are assumed to be equal, i.e.ρi1λ = ρi2λ = ρiλ
and so forth. In this case, τ f12λ

and ρ f12λ
of equations (4.6) and (4.7) become τ fλ
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and ρ fλ respectively.

To derive the appropriate corrections at the reverse side of the paper, the
interreflections within the coating filter as well as within the backing gap are con-
sidered. The backing gap refers to the air gap between the measured sample and
the instrument backing. As depicted in figure 6.4, a part of the radiant reaching
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Figure 6.4: An enlarged detail of figure 6.3 showing the considered reflectance and trans-
mittance through the backing air gap.

the bottom face of the substrate is reflected at the reverse side coating directly
into the paper by ρ fλ . Another part τ fλ is transmitted through the coating into
the backing gap. In this gap, additional interreflections ρgλ occur, which are illus-
trated in figure 6.5. As the F transmittance τsλ at the coating inferior surface
is already considered in τ fλ eq. (4.6), the resulting backing air gap reflectance ρgλ
needs only to consider the rays just before they enter the coating. The reflectance
at the backing air gap is given by the infinitive sum

ρgλ =Rbλ + ρsλ ·R
2
bλ
+ ρ 2

sλ ·R
3
bλ
+ · · ·

=
Rbλ

1 − ρsλ ·Rbλ
. (6.22)

After being reflected at this gap, the flux transmits again into the paper substrate
through the coating layer τ fλ . According to figure 6.4, the total reflection at the
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Figure 6.5: Scheme of the considered interreflections within the backing air gap.

backing interface given by ρpbλ is composed by one part reflected at the bottom
of the reverse side coating and another part reflected from the backing across the
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reverse side coating. Using equations (4.6) and (4.7) one obtains

ρpbλ =ρ fλ + τ fλ ·ρgλ ·τ fλ =

ρsλ + τsλ ·τiλ ·
ρiλ ·ϑ

2
bλ

1 − ρ 2
iλ
·ϑ 2

bλ

+

 τsλ ·τiλ ·
ϑbλ

1 − ρ 2
iλ
·ϑ 2

bλ


2

·
Rbλ

1 − ρsλ ·Rbλ
. (6.23)

where ϑbλ is the internal spectral transmittance of the paper reverse side coating
and is generally equal to 1. In the case of a solid printed reverse sideϑbλ is replaced
by the spectral transmittance of the ink layer.

In a transmittance mode, commonly used measurement instruments illumi-
nate the sample through a white, diffusely transparent plate that has a reflectance
Rbλ . In this setup, the paper sheet is illuminated from the bottom of the instrument
through the backing gap and the coating. Based on figure 6.5 the radiant part τgλ
transmitted into the substrate is derived similarly to ρgλ

τgλ = 1 + ρsλ ·Rbλ + ρ
2
sλ ·R

2
bλ
+ · · ·

=
1

1 − ρsλ ·Rbλ
. (6.24)

Given this transmittance and τ fλ of the coating, the emerging flux τbpλ into the
paper substrate through the backing is derived according to figure 6.4

τbpλ = τgλ ·τ fλ = τsλ ·τiλ ·
ϑbλ

1 − ρ 2
iλ
·ϑ 2

bλ

·
1

1 − ρsλ ·Rbλ
. (6.25)

As opposed to the bottom side, the present concept supports halftone prints
at the front side of the paper. Hence, the considered multiple reflections at the
front side coating of the paper have to keep track of the incident flux position(
x, y

)
. In this context, τapλ

(
x, y

)
describes the fraction of light transmitted from the

top through the front side coating layer into the paper substrate and is directly
given by equation (4.6)

τapλ
(
x, y

)
= τ fλ

(
x, y

)
= τsλ

(
x, y

)
·τiλ

(
x, y

)
·

ϑtλ
(
x, y

)
1 − ρ 2

iλ

(
x, y

)
·ϑ 2

tλ

(
x, y

) , (6.26)

with ϑtλ
(
x, y

)
the internal spectral point transmittance of the front side halftoned

layer. The fraction of light transmitted from inside the paper into the air is corre-
spondingly given by τpaλ

(
x, y

)
, which is identical to τapλ

(
x, y

)
.

Finally, another part ρapλ
(
x, y

)
of the surface reflection contributes to a re-

flectance measurement. It is induced by the interreflections at the front side coat-
ing and equals the reflectance of a filter immersed in air according to equation
(4.7)

ρapλ
(
x, y

)
= ρ fλ

(
x, y

)
= ρsλ

(
x, y

)
+ τsλ

(
x, y

)
·τiλ

(
x, y

)
·

ρiλ
(
x, y

)
·ϑ 2

tλ

(
x, y

)
1 − ρ 2

iλ

(
x, y

)
·ϑ 2

tλ

(
x, y

) . (6.27)
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6.3.3 Boundary condition problem

The presented multiple reflections within the coatings and at the backing air
gap lead to a complete set of boundary conditions for the obtained differential
equation system of section 6.2.1. The corrections relate the radiant fluxes at the
inner edges of the light scattering medium with the fluxes outside the paper sheet.
In this section, these corrections are used to connect the illuminating fluxes at the
outside of a paper sheet with the differential equations valid inside its scattering
substrate.

As briefly introduced in section 3.1.1, in a reflectance measurement setup, the
sample is illuminated in a circular fashion from the top with the collimated flux
i0λ . In a transmittance measurement, the sample is illuminated from beneath the
backing with the flux j0λ . Both fluxes are depicted in figure 6.3. Using a calibrated
reflectance and transmittance instrument, the proposed model distinguishes the
illuminations by setting either i0λ or j0λ to 1 and the other to 0.

At the front side of the paper bulk with a total thickness D, directly beneath the
coating, the illumination is transmitted through the front side coating τapλ

(
x, y

)
yielding

iλ
(
x, y,D

)
= τapλ

(
x, y

)
·i0λ . (6.28)

Equation (6.28) corresponds to the subtractive color mixing introduced in section
5.1 assuming a non-scattering coating layer. After entering the paper bulk, the
incident light becomes almost perfectly diffused. Reaching the bottom side of the
substrate, the light flux is reflected diffusely by the backing. Mathematically, this
is represented by a two-dimensional convolution symbolized by the convolution
operator “∗∗” [Bra00, p. 331]. In addition to the diffusely reflected flux, in case
of a transmittance measurement, the incident light flux at the bottom side of the
substrate also comprises the transmitted incident illumination j0λ

jλ
(
x, y, 0

)
= ρpbλ ∗∗ iλ

(
x, y, 0

)
+ τbpλ · j0λ . (6.29)

Before being measured by a spectrophotometer, the upward light flux emerg-
ing from the scattering medium is transmitted diffusely again through the top
coating layer by τpaλ

(
x, y

)
. Applying the appropriate corrections, the boundary

condition of the spectral transmittance measurement estimate of a paper sheet is
then given by

T̂λ
(
x, y

)
= τpaλ

(
x, y

)
∗∗ jλ

(
x, y, z

) ∣∣∣
z=D, i0λ=0, j0λ=1 . (6.30)

Accordingly, taking into account the surface reflection ρapλ
(
x, y

)
, the spectral re-

flectance measurement estimate is given by

R̂λ
(
x, y

)
= ρapλ

(
x, y

)
+ τpaλ

(
x, y

)
∗∗ jλ

(
x, y, z

) ∣∣∣
z=D, i0λ=1, j0λ=0 . (6.31)

The equations (6.30) and (6.31) indicate the use of jλ
(
x, y, z

)
as the point spread

function at any depth z of the paper.
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6.3.4 The solution; the paper’s modulation transfer function

The derived differential equation system is identical to the original equation sys-
tem (4.8)–(4.9) of K–M. Hence, the obtained solutions of the boundary
condition problem eq. (6.30)–(6.31) and (6.20)–(6.21) are also the same as the
exponential solution of K–M given in equation (4.11).

T̂λ
(
x, y

)
= τbpλ ·F

−1
x,y

[
Fx,y

[
τpaλ

(
x, y

)]
× (6.32)

2·cχψ, λ ·e
D c

χψ, λ

cχψ, λ − a21χψ, λ − a12χψ, λ ·ρpbλ +
(
cχψ, λ + a21χψ, λ + a12χψ, λ ·ρpbλ

)
·e 2 D c

χψ, λ

]
,

R̂λ
(
x, y

)
= ρapλ

(
x, y

)
+ τapλ

(
x, y

)
·F
−1

x,y

[
Fx,y

[
τpaλ

(
x, y

)]
× (6.33)

a12χψ, λ +
(

cχψ, λ + a21χψ, λ

)
·ρpbλ +

(
−a12χψ, λ +

(
cχψ, λ − a21χψ, λ

)
·ρpbλ

)
·e 2 D c

χψ, λ

cχψ, λ − a21χψ, λ − a12χψ, λ ·ρpbλ +
(
cχψ, λ + a21χψ, λ + a12χψ, λ ·ρpbλ

)
·e 2 D c

χψ, λ

]
,

where D is the thickness of the paper. The derivation of the given solution is given
in detail in appendix A.2. cχψ, λ , a12χψ, λ and a21χψ, λ are substitution coefficients given
explicitly in appendix A.1.

The obtained solution is rather involved and prevents a feasible inverse ana-
lytical F transformation. However, it is well suited for numerical transfor-
mation by an inverse two-dimensional fast F transform (FFT) [Bra00]. Ac-
tually, the fractions in the second line of eq. (6.32) and (6.33) respectively describe
the mathematically derived modulation transfer function (MTF) of the paper in both
a transmittance as well as a reflectance consideration. In this respect, the obtained
general solution given in equation (A.30) represents an analytically derived form
of the point reflection model established by R and H in [RH78,
eq. 7]. Combined with the interreflection correction terms ρapλ , τapλ , τpaλ , ρpbλ and
τbpλ , the solution also accounts for the multiple reflections occurring within the
coatings at both sides of the paper for reflectance or transmittance considerations.
Corresponding numerical calibration and evaluations are presented in chapter 7.

6.4 Fluorescence versus scattering

The additive relationship of the scattering and fluorescence coefficients in the dif-
ferential equations (6.10)–(6.15), and their simultaneous appearance as factors for
every flux emphasize the considered diffuse nature of the fluorescent spectrum
φ fλ . The additive effect of the coefficients remains coupled, and the individual
contributions of the parameters σλ and φ fλ cannot be separated while measuring
a bare unprinted paper with a general illumination setup. Chapter 7 proposes a
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complete identification approach of the individual coefficients using the depen-
dency of the fluorescent intensity upon the illumination spectrum.

6.5 Discussion and limitations

This chapter presented two paper modulation transfer functions derived math-
ematically. They describe the amount of the scattered light radiant being trans-
mitted through or reflected back from the paper bulk at any given position away
from its entry point. As introduced in section 6.3.2, the established boundary con-
ditions problem assumes non-scattering, non-fluorescent and non-penetrating inks.
The last-mentioned restriction is largely met by electrophotographic color print-
ers where colored toner particles are deposited on the printing substrate without
penetrating the substrate. Finally, with an appropriate adaption of the boundary
conditions, the given concept is generally extendible to other paper substrates
or to different light scattering media such as human tissues, fog or cloud layers
within the atmosphere.
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The derived paper modulation transfer functions of the last chapter are
well suited to fast numerical evaluations by applying two-dimensional
FFT transformations. Based on fundamental measurements, this chapter
introduces a calibration concept of the related optical parameters of
the paper and of its surface. The calibration employs reflectance and
transmittance measurements of solid patches only. Then, the calibrated
model is compared with microscopic spectral measurements of a particular
ink arrangement. Finally, it presents numerical model evaluations of
different halftone print samples illustrating the effect of the optical dot gain.

7.1 Calibration considerations

The K–M theory is a phenomenological theory and is highly depen-
dent on the particular measurement arrangement [GB80, p. 325]. Without taking
supporting measures, the theory is moderately reliable, due to the measurement
noise as shown by B in [Ber97, sec. 5.1.4].

Another handicap arises from the inaccessibility by means of physical mea-
surement. The introduced spectral paper parameters such as light absorption and
scattering cannot be measured directly. The only conceivable alternative is to es-
timate the considered parameters numerically. This is performed by fitting the
model to spectral measurements of predefined calibration samples, which consist
of the spectra of printed primary inks as well as of the bare paper-white.

This section addresses the practical calibration aspects of the paper model and
presents the measures undertaken in order to ensure a certain reliability of the
fitted unknown parameters.

7.1.1 Calibrating with solid patches

Given the internal spectral point transmittance of a printed halftone ϑtλ
(
x, y

)
,

both modulation transfer functions (MTF) introduced in section 6.3.4 calculate
the expected spectral point transmittance and reflectance spectra. These MTFs
account broadly for the effect of the optical dot gain induced by the paper under
consideration. The optical dot gain generally results in darker reproductions and
only vanishes if no ink is applied or if a full area coverage is printed, i.e. a solid
print [RH78]. The reflectance measurement of a solid patch is not affected by the
optical dot gain. Additionally, the reproduction of solid patches is not as much
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affected by the printing system’s non-linearities as by medium level halftones.
Therefore, the most promising approach to follow is to calibrate the model based
on reflectance and transmittance measurements of primary color solid patches.

Printing solid patches of primary colors with an almost uniform transmittance
ϑtλ makes it possible to simplify the model coefficients by applying the singular
F transform of a constant k

Fx,y [k] = k·δ
(
χ,ψ

)
, where (7.1)

δ
(
χ,ψ

)
=

1
(
χ,ψ

)
≡ (0, 0) ,

0 otherwise .

δ
(
χ,ψ

)
is the two dimensional D impulse symbol, [Bra00, ch. 5]. The resulting

simplified MTF coefficients c00,λ , t00,λ , r1···300,λ and d1···300,λ are given in appendix
A.1.1.

Applying the simplified coefficient set to the model eq. (6.32)–(6.33), the
unknown parameters are identified using constrained nonlinear curve fitting
algorithms implemented in M™[Mat01]. They solve the coefficient fitting
problem in a least squares sense. Given the measured spectra of the calibration
samples, the algorithms find the parameter set that best fits the computed result
of the particular nonlinear model (see section 7.2.2).

7.1.2 Applying redundant measurement geometries

In order to improve the estimation reliability of the model parameters, an over-
determined set of redundant measurements is used. The over determination is
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Figure 7.1: Enhancing the calibration reliability with four redundant measurements of a
single-side printed paper. Upper left: Spectral reflectance of a paper sheet placed on a
black backing. Upper right: Spectral reflectance factor on a white backing. Lower left: Reg-
ular spectral transmittance. Lower right: Flipped spectral transmittance.

accomplished by varying the geometric measurement setup of the calibration
samples introduced above, i.e. the spectra of all printer primary inks as well as
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the spectrum of the bare paper-white. Generally, using a reflectance/transmittance
spectrophotometer makes it possible to acquire the measurements in four different
geometric arrangements. As illustrated in the upper row of figure 7.1, two of
the arrangements are the measurements of the spectral reflectance with a black
or white backing. The remaining two arrangements in the lower row are the
acquisition of the spectral transmittance where the printed paper side is put
once facing the sensor and once flipped towards the illumination side of the
spectrophotometer.

Varying the backing in reflectance measurements influences the amount of
reflected light from beneath the sample and helps to determine its translucency.
On the other hand, altering the illuminated side of the paper in a transmittance
measurement varies the illumination primary path length through the uppermost
layers and helps in determining the inner transmittance spectra of the printed
layers.

With the introduced interreflection corrections of section 6.3.2, the numeri-
cal model supports all the proposed redundant arrangements and accounts for
the considered physical effects. When evaluating the model to fit the different
measurements, none of the inner optical parameters of the paper needs to be
changed. The variation of the measurement arrangements is only taken into
account by changing the specific optical layer constants in the mentioned inter-
reflection equations (6.23)–(6.27). The only exception is the fluorescence spectrum,
which is treated separately in section 7.1.3.

7.1.3 Calibrating the model for brightened papers

A printed ink layer on a brightened paper behaves like a spectral illumination
filter placed at the illumination side of the spectrophotometer. Therefore, vary-
ing the measurement arrangements as proposed in the past section also changes
the excitation spectra of the brighteners and helps to determine their fluorescent

P
spectrum (see section 6.1.1). According to the theory, altering the excitation en-
ergy does not change the general shape of the fluorescent spectrum φ fλ but only
its intensity [Emm98, sec. 3.6]. This results in a proportional intensity derogation,
which can be considered with a single, non wavelength-dependent diminishing
constant factor, the print excitation barrier δφ f print

(
x, y

)
multiplied with the fluo-

rescent spectrum φ fλ [MESH01]. δφ f print
(
x, y

)
keeps track of the spatial position(

x, y
)

because it is dependent on the print, which may be a halftone patch.

Common reflectance/transmittance spectrophotometers have two different
light sources built-in, one for the reflectance and one for the transmittance mea-
surements. Hypothetically, they may not be completely adjusted in the higher
frequency band and therefore stimulate brightening fluorescent spectra of dif-
ferent intensities. Strictly speaking, the different white and black backings of the
reflectance measurements induce a similar but less pronounced effect. This is due
to their general unequal reflectance distributions in the upper frequency band.
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These mis-adjustments make it difficult to predict the parameter of brightened
papers accurately. In order to consider both mis-adjustments numerically, two
additional non wavelength-dependent adjusting factors are introduced. The illumi-
nation adjustment δφ f illum, which accounts for the different excitations induced by
the different spectrophotometer light sources, and the backing adjustment δφ f bck,
which allows for the different reflectances of the upper frequency bands of the
applied backing. Depending on the particular measurement arrangement, the cor-
recting multiplication term δφ f ··· · φ fλ is substituted for the fluorescent spectrum
φ fλ in the coefficient set given in appendix A.1 or A.1.1.

7.2 Measurements and calibration results

All the assumptions are generally based on a series of detailed measurements
with different instruments. This section reviews the most relevant measurements
and presents a microscopic qualitative model verification.

7.2.1 Bispectral fluorescence measurements of brightened paper

The color of brightened office papers depends upon the intensity and spectral
distribution of the illumination under which the paper is viewed, and the way
the material interacts with that illumination [Spr97]. Basically, the spectral radiant
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Figure 7.2: Comparison of measured spectral total radiance factors of two different pa-
pers. Besides the intensity values reaching more than 100 %, the spectra plotted in the
upper graph also demonstrate the impact of varying the illumination spectrum λx on the
fluorescent spectrum φ fλ of a brightened paper.

distribution of brightened papers measured using common (45/0◦) spectropho-
tometers is more than a simple reflectance. In this case, the instrument registers
the total radiance factor φRλ , which is composed of the reflected component φrλ
and the fluorescent component φ fλ [EH98]

φRλ = φrλ + φ fλ . (7.2)
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To separate these components, a bispectral measurement is applied, which incor-
porates two distinct monochromators (see section 3.1.1). One monochromator is
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Figure 7.3: Bispectral radiance matrix of the brightened ColorCopy™paper. The lower
graph illustrates the pure fluorescent component φ fλ extracted as a detail out of φRλ , which
is shown in the upper graph.

located between the illumination and the sample in order to separate the illuminat-
ing radiation φλx—also called the excitation—into its spectral components before
it reaches the sample. The other monochromator, located between the sample and
the photodetector array, separates the emission radiation φλm reflected from the
sample surface into its spectral components [GF00]. The separated spectral data
are organized in a matrix called the bispectral radiance matrix φRλm , λx

containing
all the separate contributions of the illumination wavelength λx according to the
emission wavelength λm. Figure 7.2 illustrates a common reflectance measure-
ment of both a brightened office ColorCopy™ paper [Neu00], and a non-brightened
standardized APCO II/II paper [ISO97]. The figure also demonstrates the effect of
varying the illumination wavelength range λx on the intensity of the fluorescent
spectrum φ fλ . The corresponding variation of the contributing illumination flux
is considered by the illumination adjustment δφ f illum and the backing adjustment
δφ f bck introduced in section 7.1.3.

In contrast to the common spectral reflectance measurements introduced in
section 3.1.1, the bispectral radiance matrix measurement is truly illumination-
independent. In addition, given a bispectral radiance matrix φRλm , λx

, the fluores-
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cent emission spectrum φ fλ is determined by the sum of the total illuminating
wavelength λx after suppressing the pure reflectance spectrum φrλ from the di-
agonal of the matrix. Figure 7.3 shows a corresponding graphical representation
of the radiance matrix and illustrates a comparison with the isolated fluorescence
of the brightened office paper. The measurements were performed with a BFC-
450 manufactured by Labsphere® . Finally, figure 7.4 shows the effect of the print

350 400 450 500 550 600 650 700 750 800
0

25

50

75

100

Emission Wavelength λ
m

 (nm)

φ f (
%

)

paper white
C solid patch
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Figure 7.4: Separated fluorescent spectra φ fλ of the brightened office paper printed with
different solid patches. According to the theory, its general shape remains unchanged and
the intensity of the spectrum diminishes according to the color of the printed solid patches.

excitation barrier taken into account by δφ f print
(
x, y

)
. The figure demonstrates

how solid color patches printed at the front side may reduce the intensity of the
fluorescent spectrum φ fλ according to their spectral absorptance distribution in
the upper frequency band.

7.2.2 Calibration results of a brightened paper

In order to obtain accurate spectral predictions, the light scattering model pa-
rameters and the excitation correcting factors need to be estimated for each pa-
per/printer combination. Generally, the model parameters are fitted by calculat-
ing the spectral predictions and minimizing their deviation from the measured
spectra by constrained non-linear optimization routines of M™[Mat01]. The
calibration is performed by presenting all the measured spectra of the calibra-
tion samples introduced in section 7.1 simultaneously as an optimization goal to
the optimization routine. Specifying reasonable algorithm constraints ensures a
physically relevant estimation range of the involved factors and parameters. The
optimization of a complete parameter set takes about an hour on a contemporary
computer system.

Figure 7.5 illustrates the reflectance and transmittance spectra of the calibra-
tion samples measured using a common spectrophotometer such as the Gretag-
Macbeth™ SpectroScan T. Combined with the measurements, the figure also depicts
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Figure 7.5: Optimization performance of the light scattering model using a measured flu-
orescent spectrum φ fλ .
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Figure 7.6: Obtained estimates of the spectral parameters σsλ , σrλ , α
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and φ fλ .

the optimization results obtained by estimating all the optical coefficients simul-
taneously except the fluorescent spectrum φ fλ , which was measured bispectrally
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as illustrated in figure 7.4. The optimization cannot guarantee the correctness of
the estimated model coefficients. Nonetheless, the obtained accuracy of a maxi-
mal root mean square spectral (RMS) error of less than 0.88 % demonstrates the
effectiveness of the proposed concept for the simultaneous consideration of the
various geometrical setups. Figure 7.6 plots the obtained spectral estimates of the
scattering σλ and absorption αλ coefficients as well as the normalized fluorescent
spectrum φ fλ . The average estimates of the F factors are

ρs = 2.7% , τs = 99% , ρi = 2% and τi = 98%.

Finally, the fluorescent spectrum may be predicted if the measurement equip-
ment is unavailable. A corresponding experiment with the same calibration set
yielded an RMS of about 1 % and a slightly increased colorimetric deviation.

7.2.3 Model verification with micro line prints

As long as the light scattering model is applied only to estimate the reflectance
and transmittance spectra of simple solid patches, there may be no need for
any additional reliability proof of the estimated coefficients. However, to use the
model for the prediction of halftone prints, an additional independent confirma-
tion experiment is needed.

Due to the scattering light, the spectral reflectance of the paper-white is af-
fected by ink dots printed within the considered direct neighborhood [Eng99,
a.o.]. In order to analyze the micro reflectance of the bare paper, a series of micro-
spectral scans of the test strip shown in figure 7.7 were performed. The sample

Figure 7.7: Test strip with a series of white micro-lines spared out of a magenta solid
patch. The line thickness ranges between 100µm and 1 mm.

was scanned vertically using a servo scanning board under a DMR X microscope
combined with a MPV SP Leica™ micro-spectrophotometer. The spatial scanning
step size is 10µm, and the dimension of the scanning aperture in the object plane
is 8µm vertically and 20µm horizontally, i.e the aperture is oriented parallel to
the micro-lines. The objective is a semi-apochromat with a wide field of optical
performance well suited for photomicrography. It has a 50×magnification and a
numerical aperture of 0.85. The analyzed test strip was gravure printed on a white
non-brightened paper and illuminated under the microscope with a circular 45/0◦

arrangement.
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Micro-spectral measurements are generally subject to interreflections on the
various fibers and the ink/coating interfaces. The localized interreflections induce
noisy reflectance scans that inhibit an absolute numerical microscopic verification.
Nevertheless, the obtained scans agree qualitatively with the proposed model for
each line thickness.

With an appropriate specification of the boundary interreflection equations
(6.26)–(6.27), the same micro-spectral scans were simulated applying equation
(6.33). Given two fixed wavelengths λ = 530 and 650 nm, figure 7.8 illustrates a
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Figure 7.8: Micro-prediction comparison at fixed wavelengths of a 0.6 mm micro-line.

comparison of a spectral scan of the 0.6 mm micro-line with the corresponding
prediction calculated by the appropriately calibrated model. In this graph, the
consistent behavior at the edges is of particular interest. In fact, the weaker steep-
ness of the measured reflectance at the edges is due to the mechanical dot gain of
the gravure print, which was not considered by the simulation.
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Figure 7.9: Micro-spectral measurements at the center of the micro-lines of figure 7.7, for
different line width.
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Figure 7.10: Comparison of micro-spectral measurement and prediction for a 0.6 mm and
a 0.1 mm wide micro-line.

In addition to the shown qualitative edge agreement, the average match of the
predicted spectral reflectance of the paper-white in the center of the micro-lines
is also of interest, especially their dependence on line thickness. Figure 7.9 shows
some of the spectral reflectances of the white micro-lines obtained by averaging
the measurements of the middle areas where no magenta ink is apparent. The plot
demonstrates the measured effect of the light scattered within the paper substrate.
Obviously, without considering lateral scattering, a reflectance prediction of a
printed halftone patch would lead to a brighter estimation than the real reflectance
of the patch.

Finally, the graphs in figure 7.10 show the obtained qualitative agreement
for two different line thicknesses. They illustrate the measured micro-spectral
reflectances at all scanned positions simultaneously in one graph.

7.2.4 Model evaluations, cartesian versus polar coordinates and the
rotational symmetry

Besides being analytically similar, the light scattering models of chapter 6 obtained
from the analysis in the cartesian and polar coordinate systems yield similar nu-
merical results. As illustrated in figure 7.11, numerical evaluations of both models
lead to a weak absolute deviation of less than 1 %. On the other hand, the point
reflectance of a circular bitmap ought to be rotational symmetric too. The obtained

56



dge sharpness
versus

paper-white
7.3. S       

−100 −50 0 50 100
3

46

89
cartesian coordinates

−100 −50 0 50 100
70

75

80

R
 a

t λ
 =

 5
70

 n
m

, (
%

)

−100 −50 0 50 100
13

14

15

r (µm)

−100 −50 0 50 100
3

46

89
polar coordinates

−100 −50 0 50 100
13

14

15

r (µm)

−100 −50 0 50 100
70

75

80
horizontal
section
 45° diagonal
section
−45° diagonal
section

Figure 7.11: Comparison of the circular symmetry of the cartesian versus the polar coordi-
nates light scattering model. The simulated bitmap is a circular black dot of 42µm diameter
placed at the center of a white patch.

rotational symmetry of the spectral reflectance predictions is also tested in figure
7.11 by the sketched diagonal and horizontal sections. It is equally fulfilled for
both models to about 99 %. Moreover, the remaining partial asymmetry is due to
aliasing and numerical artifacts of the two-dimensional convolution and its in-
verse numerical FFT transform. Nevertheless, in agreement with the purpose of
the thesis, and in order to reduce the load of the numerical evaluations, the model
based on the polar coordinates is chosen for all further numerical calculations.

7.3 Simulating the effects of the optical dot gain

The correspondence between the micro-spectral measurements and the light scat-
tering model (section 7.2.3) makes it possible to simulate the point reflectance of
arbitrary prints accurately. Further, assuming an ideal printer that reproduces
without mechanical dot gain, the separate effect of the optical dot gain can be
analyzed with a simple simulation of a black and white halftone print at different
scales as illustrated in figure 7.12. In this figure, the variation of the paper-white
as a function of the reproduction scale represents the key effect of the optical dot

E
gain. As opposed to the general expectation, no significant edge deterioration
is apparent compared with the whiteness degradation of the white areas. The
corresponding reflectance profiles given in figure 7.13 demonstrate the white-
ness degradation even better. This numerical experiment again emphasizes the
importance of taking the considered effects into account. It further stresses the di-
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Figure 7.12: Reflectance simulations of an arbitrary black and white halftone print at differ-
ent reproduction scales. The images represent a gray value transformation of the predicted
reflection spectra.
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Figure 7.13: Horizontal sections through the center of the simulated point reflectance of
figure 7.14 at 570 nm relative to paper-white.

rect dependence of any color-management concept upon the underlying halftone
algorithms used.

Clearly, the assumption of a perfectly semi-isotropic scattering medium ex-
plains the obtained results. Over a certain dimension—which may be called the
mean free path [Gus97]—the incident light is attenuated by an average of the point
transmittance function of the surface print. Then, within the substrate, the light
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Figure 7.14: Reflectance simulations of a halftone print at different reproduction scales
employing the inverted bitmap of figure 7.12.
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Figure 7.15: Horizontal sections through the center of the simulated point reflectance of
figure 7.14 at 570 nm relative to paper-white.

flux is homogeneously diffused and bears a spectral intensity to the first order
corresponding to the average of the considered print area. Due to this theory,
the diffuse substrate acts now as a diffuse light source illuminating the surface
print from the bottom, which is in general agreement with [RH78, sec. iii]. In this

scconstellation, the pronounced proportion of the paper-white degradation versus
the almost unnoticeable dot sharpness deterioration is obvious. Corresponding
simulations of the inverted bitmap are shown in figures 7.14 and 7.15. In con-
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trast to the simulations of a mainly black bitmap, the paper-white degradation is
much less apparent in the case of sparely printed black halftone dots. However,
in the black regions, the reflected intensity—or more precisely its corresponding
density—changes considerably as a function of the halftone pattern width. The
main feature of the light scattering effect, namely its induced wide neighboring
dependency, remains present.

7.4 Discussion

The proposed model calibration approach presents a paper characterization
method that fits well into the traditional work-flow of macroscopic optical mea-
surements of solid prints. In particular, the approach facilitates the characteriza-
tion of the light scattering property of a given paper substrate independently of the
used printer’s mechanical dot gain.

In order to determine the point transmittance ϑtλ
(
x, y

)
of printed halftones,

additional models are needed, which account for the physical effects of the ink
deposition of a given printing device as a function of any input halftone color
separation bitmap. The following section introduces a simulation model that
computes the internal transmittance microstructure of electrophotographic toner
halftone prints.
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8 Modeling electrophotography

Given a calibrated light scattering model for a chosen paper type, it
is possible to estimate the point reflectance of any halftone patch as
a function of the point transmittance of the printed ink layers. As an
application of this theory, selecting the electrophotographic process as an
example of a well established modern digital printing device is proposed.

After a short review of the development of electrophotography, the
chapter proposes an estimation concept of the point transmittance of
any uniform color halftone patch. With simplified numerical models, the
concept analyzes and simulates the relevant effects of the involved
electrophotographic subprocesses. They comprise the exposure of the
printed bitmap, the forming of the attracting electrostatic field, the random
charging and sizing of the toner particles, the toner layer transfer and
color accumulation, as well as the concluding fusing step. The point
transmittance of a printed halftone patch is estimated by starting from a
bitmap of the input page and simulating all the main process steps.

8.1 History of electrophotography

In the early twentieth century, people could not easily reproduce documents.
The mimeograph, also called the stencil duplicator invented by E, was one of
the only competitive copying techniques. The name is derived from mimos, an
ancient Greek word for burlesque theater. It is basically a duplicating machine
that uses a stencil consisting of a coated fiber sheet through, which ink is pressed
[Bri]. However, the reproduction with the mimeograph was tedious and required
a prepared stencil and careful printing. The alternatives at that time were limited
to expensive photo copies or to retyped documents.

C, a patent attorney, clearly identified the needs of modern offices for
easily made and less costly document copies. With the help of his assistant K,
in 1938 he obtained a first dry-copy by applying the fascinating combination of
electrostatics and photoconductivity. A sample of the copy is shown to the right.
The invention was called electrophotography or xerography, a Greek word for dry
writing. During the past century, electrophotography became the basic technology
for copying machines and laser printers [XHs].
63



Corona

Scorotron
8. M 

8.2 The electrophotographic process

The key process of electrophotography is the formation of an electrostatic latent
image on a photoconductor, and the development of that image with electrostat-
ically charged powders. The photoconductor is usually applied to a grounded
belt and acts as an insulator in the darkness. In the presence of light it generates
and transports electron-hole pairs in response to absorbed photons. Many of the
scientific aspects of electrophotography, such as electrostatic, material science, tri-
bology and adherence are rather elaborate and yet not fully explained. Basically,
the electrophotographic process illustrated in figure 8.1, is subdivided into six
subprocesses and introduced hereafter [Wil84, Sch96].

Charge

Transfer &
Accumulate

Paper path

Photoconductive
Belt

Clean

Fuse

D
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elo
p
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Figure 8.1: Schematic representation of an electrophotographic color desktop printer.

8.2.1 Charging the photoconductor

In the absence of light, the initially uncharged surface of the photoconductor
is uniformly charged to the dark voltage , which reaches values of ± 1 kV. The
uniform charge distribution is generated by absorbing ionized gas molecules that
arise from a supplied electrical corona device. This device employs thin wires set to
a very high potential inducing a high electric field in the vicinity of the wires. The
field accelerates any free electrons to sufficiently high velocities so as to ionize
any intervening gas molecules. Influenced by the applied field, the generated
ions and electrons move in opposite directions. The electrons reach the corona
device and reenter the electric circuit. On the other hand, the ions move towards
the photoconductor, charging up its surface electrostatically. The uniformity of
the ion deposition on the photoconductor surface is controlled by an additional
wire screen set to a voltage that determines the approximate charge potential of
the photoconductor. Such a screen-controlled corona device is called Scorotron.
Generally, the resulting surface charge is considered to be neither dependent on
the current bitmap nor on the previously printed ones.
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8.2.2 Exposing the photoconductor

Within the exposure step, the charges at the surface of the photoconductor are
selectively recombined and discharged. In common digital printers, the image is
exposed pixel by pixel by applying a focused laser beam or line-wise by a diode
array. The exposed energy generates charge carriers within the charge generation
layer of the photoconductor. The amount of generated charges is determined by
the quantum efficiency that reaches values between 0.1 and 1. Influenced by the
internal electric field arising from the initially charged photoconductive surface,
the generated charges drift through the charge transport layer with a drift velocity of
about 50 mm/s. The velocity is determined by the hole or charge mobility. Reaching
the surface, the transported charges recombine with the deposited surface ions
and liberate neutralized gas molecules. The value of the resulting discharged

Co
surface voltage is called the image potential or the light voltage. The difference in
potential between the dark and the light voltage is called the contrast voltage,
which is usually situated between 300 and 600 V.

8.2.3 Image development

The exposed invisible latent image is made visible by the deposition of toner
particles onto the photoconductor. This development step relies on the movement
of charged bodies in electric fields driven by the C force. This force is
determined by the variations in voltage along the photoconductive surface and
thus by the image potential.

In the early twentieth century, one of the technical challenges of the devel-
opment step was the image formation of solid areas. It was not solved until the

I
basics of the acting forces within the development nip were understood. A solid
area commonly has a uniformly charged latent image. Within this charged area,
the only electric field above the photoconductor is associated with the fringe field
at the edges of the solid area. Therefore, only the edges of the solid areas are de-
veloped. To be able to print in solid areas, a development electrode was introduced.
It is installed within the developer unit above the development nip. This electrode
adds a constant field sufficiently large to develop toner in solid areas [Sch96].

Driven by the competitive market, suppliers of electrophotographic devices al-
ter their engines by varying the relevant subprocesses and by employing different
underlying physical concepts. Various development subsystems and related toner
families are proposed. These comprise the two- or monocomponent developers, the
magnetic and the non-magnetic, the liquid and dry developers as well as the distinc-
tion made between the conductive and nonconductive toners [Wil84]. Despite these
variations, the toner particles are commonly statistically distributed in charge
and in size. The charge distribution is mainly controlled by the triboelectric ef-
fects, whereas the size distribution is controlled by the manufacturing process.
Accordingly, a comprehensive theory of image development should account for
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electrostatic, electrodynamic and thermodynamic forces in addition to gravity.
All of them are forces which act on the toner particles and the carrier beads.

8.2.4 Image transfer

The transfer step refers to the transportation of the developed image onto the
printing substrate such as a paper or a transparency. Usually, the transfer step is
accomplished by applying a transfer corona device, which induces a supporting
electrostatic field. The corona device helps to reinforce the attraction of the toner
layers to the printing substrate and to optimize the separation of the toner upon
separating the paper from the photoconductor surface. The rate of transfered
toner particles is called the transfer efficiency. It is mainly determined by the ge-
ometrical setup of the transfer unit and the developed image in addition to the
dielectric constants of the involved layers. After transfer, the charged toner sticks
temporarily to the paper due to the electrostatic force and the image needs to be
fixated for any subsequent handling.

8.2.5 Image fusing

Fusing is the long-term fixation of the transfered image onto the printing substrate
by applying heat and pressure. This technique has proven to be a reliable method
for permanently fixing the image. Other, but less significant fixation techniques
also have been applied. Among others they comprise solvent, pure thermal, pure
pressure fixing or fusing by post processed-additives.

Many of the attributes of printing quality such as image gloss or paper curl are
determined by the fusing step. In the case of the widely used heat and pressure
fusing process, the obtained quality depends on the applied fusing temperature, the
nip geometry, the achieved pressure and the dwell time. Finally, the paper properties
such as the average fiber diameter, and the mean distance between fibers have
also an impact on the fused image.

8.2.6 Cleaning

Before starting a new process cycle, any remaining charges or residual un-
transfered toner particles must be removed. Otherwise, the images of the subse-
quent cycles may be affected by the residual charges and particles. Common clean-
ing steps employ additional coronae to discharge the remaining toner charge.
Light sources are also applied, which discharge the photoconductor in addition
to cleaning brushes or blades, thereby wiping off any excess toner. Cleaning
failures are manifold. The worst failure is the so called fused-on toner, which per-
manently alters the electrical nature of the photoconductor due to the common
insulating toner property. Other cleaning defects occur due to particles displaced
by a scraper blade causing streaking, or due to redeposited toners from cleaning
brushes yielding the cleaner offset.
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8.3 Modeling the electrophotographic process

The model presented below considers dry electrophotographic processes with
mainly non-magnetic developers. Observed under a microscope, the dots of desk-
top electrophotographic prints appear mostly like clouds of randomly distributed
toner particles. Occasionally, the particles are deposited beyond their target area
and form extremely ragged dot edges. The high dot distortion causes the major
difficulty in estimating the color of an electrophotographic print and affects its
tonal reproduction curve. In addition, the electrophotographic particle clusters are

Ad
strongly influenced by their surroundings—a phenomenon called the adjacency
effect [Wil84]. The microscopic images in figure 8.2 of an electrophotographic print
demonstrate for instance the noticeable increase of the particle concentration in
the depicted target area. The higher concentration achieved in the right-hand
image is simply caused by the presence of a large solid patch printed as far as
14 dots away from the target area.

Figure 8.2: Microscopic images of electrophotographic transparency prints. The consid-
ered printer has a resolution of 600 dpi. The images are overlapped with a corresponding
resolution grid, and a rectangle indicates the position of the addressed target area of the
input bitmap. Left side: printing result of a 2 × 2 dot placed in a clear area. Right side:
corresponding result of a 2 × 2 dot print in relative proximity of a solid patch.

The main reason for the high nonlinear characteristic is the combination of
different forces together with the stochastic charge and size distribution of the
toner particles. In order to cope with these nonlinearities, an electrophotographic
simulation model is proposed, which accounts for the relevant physical effects.
The model is based on simplifying assumptions representing a tradeoff between
physical relevance, accuracy and simplicity [MEH00, MEH01]. In order to esti-
mate the spectral point transmittance of any uniform color halftone patch, the
model takes the input color separation of each primary ink and passes it through
simulations of the important electrophotographic steps. As already mentioned,
the considered steps comprise the formation of the attracting electrostatic field,
the stochastic toner characteristics, the transfer and accumulation of the different
color layers, as well as the concluding fusing step. The charging and cleaning
steps are neglected, assuming that they operate properly and homogeneously.
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8.3.1 Geometric dimensioning of the model

The model uses a microscopic pixel grid XY with a resolution of 6.0 µm repre-
senting the lower average particle size of commonly used toners. For a desktop
printer with an addressability of 600 dpi (dots per inch), the effects of the significant
process step are simulated on a 677 × 677 µm wide segment of a uniform color
patch comprising 16 × 16 dots. Considering uniform color patches only allows to
limit the extend of the analyzed segment to the proposed square of 16 dots. The
surface of the photoconductive plate is assumed to be homogeneously charged. It
is also assumed that the surface charge is neither dependent on the current color
separation nor on the previously printed ones. Therefore, to predict toner depo-
sition characteristics, the first significant process step is to create the attracting
electrostatic forces acting above the exposed photoconductive plate.

8.3.2 The electrostatic field of an exposed bitmap

While exposing an image, the photoconductor voltage is selectively altered in
proportion to the number of photons absorbed in the charge-generating layer. In
the development step, the latent image is brought into the vicinity of charged
toner particles under the influence of the development electrode introduced in
section 8.2.3. In first order considerations, both the image contrast voltage and
the constant electric field of the development electrode ascertain the total electric
field within the development nip. This total field is responsible for the forces
acting on the toner particles. Hence, the total field determines the obtained print
image density.

The attracting electrostatic field is modeled on a circular convolution kernel
derived below. The kernel characterizes the attracting field of a single exposed dot
in the vicinity of a development electrode. To accommodate various electropho-
tographic systems, the kernel is constructed as an approximating function, which
is sufficiently flexible to model the electrostatic field of any particular system.

N and others have shown that the density of an electrophotographic
image is essentially given solely by the perpendicular component of the elec-
trostatic field directly above the photoconductor [Neu65a]. In his publications
[Neu65b, Neu67, Sch75], N introduced C(k), a modulation transfer
function (MTF) relating the electrostatic field within the developer nip to the line
exposure of a photoconductor

C(k) =C0 + cosh
(

k·
(

L1 − z
) )
×

sinh
(

k·L2

)
−
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k L2
·
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(
β

k L2

)2
) , (8.1)

where C0 describes the field enhancement induced by the development electrode.
k is the exposed line frequency given as 2π line pairs per µm, L1 is the distance
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between the development electrode and the photoconductive plate and L2 is
the thickness of the photoconductive plate, see figure 8.3. β is a function of L2

representing drift mobility, the initial plate voltage and other electrostatic effects
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Figure 8.3: Sketch of an exposed photoconductive plate being developed in the vicinity of
a development electrode.

of the charge transport layer of the photoconductor. η is the dielectric constant of
the plate and finally, z is the average distance between the electrophotographic
plate and the center of charge of the caught toner particles above the plate.

Inverting the MTF C(k) by a high-resolution numerical F transform
yields the electrostatic field c(r) of an infinitely small exposed dot, i.e. the point
spread function (PSF) at the spatial coordinate r. Hence, the perpendicular elec-
trostatic field component HEz(r) of a particular printer is determined by the one-
dimensional convolution “∗” of c(r) with the intensity profile of the exposing light
spot

HEz(r) = I(r) ∗ c(r) . (8.2)

I(r) is a saturated Gaussian Intensity profile of the exposure spot given by

I(r) =

Isat ∀r ∈ [−rEx, rEx ] ,

I0 ·e−0.5
(

r
ζ

)2

otherwise ,
(8.3)

where Isat is the saturation intensity, ± rEx are the solution of I(r) = Isat for r. I0

as well as ζ are constants determined by the exposure unit. The implemented
saturation is in conceptual accordance with the discussion made in [Wil84, ch. 5].

The circular convolution kernel HEz

(
x, y

)
of a single exposed dot is approx-

imated by rotating HEz(r) around the vertical axis z. This is basically done by
substituting

√
x2 + y2 for r where

(
x, y

)
∈ XY (section 8.3.1). An example of the

resulting dot field approximation is shown in the upper-right part of figure 8.4.

The proposed electrostatic dot field component takes into account most of the
significant electrostatic parameters of the exposure and developer units. Among
others, these parameters comprise the shape of the exposure spot, the thickness of
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Figure 8.4: Upper left: Enlarged section of an input bitmap. Note, this is a part of a larger
bitmap, i.e. directly adjacent but omitted dots may be exposed as well. Upper right: The
perpendicular electrostatic field component of a single dot (HEz

(
x, y

)
). Lower left: Contour

plot of the resulting electrostatic field Ezc

(
x, y

)
of one color separation c, i.e. the latent

image. Lower right: Three-dimensional representation of the same electrostatic field.

the photoconductive plate, the distance between the plate and the development
electrode, an average charge height above the plate of the caught toner particles,
the initial plate voltage and its dielectric constant. Strictly speaking, the chosen
grid of 16 × 16 dots cannot account for the total extend of the adjacency effect.
However, since the field’s amplitude vanishes rapidly with increased distance, for
the sake of computability, its remaining influence is neglected. For any exposed
bitmap bmpc

(
x, y

)
of a given color c, the overall perpendicular component of

the attracting electrostatic field Ezc

(
x, y

)
is easily obtained by superposing the

perpendicular field kernel HEz

(
x, y

)
of a single dot at each exposed dot location.

Mathematically this is obtained by the two-dimensional convolution “∗∗”

Ezc

(
x, y

)
= bmpc

(
x, y

)
∗∗HEz

(
x, y

)
. (8.4)
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Figure 8.4 depicts the result of such an operation on a section of a large input
bitmap shown in the upper-left part. Each center of an exposed dot is superposed
by the kernel shown in the upper-right part yielding the perpendicular field
distribution forming the latent image as illustrated in the lower part of the figure.

8.3.3 The toner charge and size distributions

Due to the manufacturing and charging processes, the toner particle size and
charge are always distributed in a statistical manner. These distributions have a
joint impact on the printed image quality. On the one hand, the charge distribution
influences the development behavior. On the other hand, the size distribution
mainly affects the micro transmittance structure of the printed result. In order
to roughly model the toner charge and size distributions, a lognormal based
probability density function (pdf) was proposed in [MEH00, MEH01], which
approximates the expected statistical characteristic of the toner charge q for each
color c

pdfqc
(κ) = γ −

1

κ·υ·
√

2π
· e −

ln 2 (κ−µ)
υ 2 , (8.5)

with the characteristic constants γ, υ and µ. κ represents the independent statis-
tical variable. The distribution of the particle diameters or their pile height δ is
simulated according to a R-based distribution

pdfδc
(κ) = a +

κ

b 2 ·e
−κ 2

2 b 2 , (8.6)

using a and b as distribution constants. The introduced constants need to be fitted
in order to match the expected general shapes of the distributions as illustrated
in figure 8.5. Generally, these distributions match the general shapes reported
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Figure 8.5: An example of the simulated toner particles charge distribution at the left and
size distribution at the right.

in various investigations and measurements found e.g. in the [NGM98, a.o.].
For each pixel

(
x, y

)
∈ XY and each color c the toner particles present at the

developer nip are simulated with two independent high-resolution simulation
grids of random numbers fulfilling the corresponding characteristic distributions.
One grid frame Qc

(
x, y

)
represents the toner charges and is obtained using the

distribution equation (8.5). The second grid frame Dc
(
x, y

)
is evaluated according

to the distribution equation (8.6) and is used in order to represent the pile height
of the toner particles present at the developer nip.
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8.3.4 The development of the latent image

In the developer nip, the obtained latent image is made visible by depositing the
toner particles on the photoconductor dependent on the attracting electrostatic
field. In agreement with C’s law, the electrostatic force

−→
FC is basically given

by the linear relationship between the particle charge q and the acting electrostatic
field

−→
E

−→
FC = q·

−→
E . (8.7)

For simplicity, it is assumed that particles are deposited only as soon as the at-
tracting perpendicular component of the C force FCz is strong enough to
overcome the impeding adhesion threshold force τimp. The development condi-
tion is evaluated for each color c at each pixel

(
x, y

)
of the toner charge simulation

grid frame Qc
(
x, y

)
introduced in section 8.3.3. The condition is evaluated us-

ing the perpendicular electrostatic field component Ezc

(
x, y

)
of the latent image

given with equation (8.4). The pile height of the developed particles δDv
(
x, y

)
is

simulated using Dc
(
x, y

)
introduced in section 8.3.3 as follows

δDvc

(
x, y

)
=

Dc
(
x, y

)
∀
(
x, y

)
∈

{(
x, y

)
∈ XY |Qc

(
x, y

)
· Ezc

(
x, y

)
> τimp

}
,

0 otherwise .
(8.8)

The upper-right part of figure 8.6 illustrates the developed toner particle frame
δDvc

(
x, y

)
of a corresponding simulation using the same perpendicular component

of the electric field Ezc

(
x, y

)
as illustrated in figure 8.4. This field is redrawn again

in the upper-left part of the figure for comparison purposes. The gray level of the
illustrated pixels represents the simulated pile height variation of the developed
toner particles.

8.3.5 Transfer and accumulation of multi-color toner layers

The developed toner particles of each color layer are transported from the pho-
toconductor to a transfer belt depicted in figure 8.1. Depending on the technical
setup of the printer, the transfer belt accumulates the different color layers stacked
on top of each other. Finally, the piled color layers are transported simultaneously
to the printing medium. During this whole process, the toner particles can either
be rejected or repulsed according to the transfer efficiency (section 8.2.4). During
the transfer step, the interference between the color layers cannot be avoided and
their interdependency must be taken into account.

It is assumed that the main effect of the transfer step is characterized with the
transfer efficiency factor ε, which determines the rejected part of the particles.
The transfer efficiency of each color layer is subdivided into two components
[MEH01]. A first independent auto transfer efficiency εc is introduced describing
the lack of transfer of a single color layer c in the absence of any other color layers.
Having a total of N simulated high-resolution pixels, the affected transfer part
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Figure 8.6: Upper left: Contour plot of the electrostatic field of one color separation using
the same data as represented in figure 8.4. Upper right: Simulation of the developed toner
particles. Black represents the maximum thickness, and white represents a non-developed
position. Lower left: Convolution kernel HF used to simulate the effect of the fuser on the
transfered toner particles. Lower right: Simulation of the fusing effect on the transfered
monochrome toner layer shown in the upper right part of this figure.

is modeled by randomly selecting N · (1 − εc) pixels from the developed image
δDvc

(
x, y

)
and reducing their toner pile height by the random amount %. Given the

operator RK(S) that returns a randomly selected subset of total K elements of an
arbitrary input set S, the transfered layer δTrc auto

(
x, y

)
is written as

δTrc auto

(
x, y

)
= δDvc

(
x, y

)
− ∆εc

(
x, y

)
, (8.9)

where δDvc

(
x, y

)
is given in equation (8.8). ∆εc

(
x, y

)
is the random pile height

reduction frame given by

∆εc

(
x, y

)
=

% ∀
(
x, y

)
∈ RN·(1−εc)(XY) ,

0 otherwise .
(8.10)
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The second efficiency component is introduced as the cross transfer efficiency
εc,c1 describing the influence of any additionally printed color layer c1 above or
beneath the layer c. The influence of the cross transfer efficiency is modeled by
randomly reducing the toner pile height of the color layer c due to its interactions
with the layer c1 within a 3×3 neighborhood by a new calculated random amount
%. In order to formulate the concept, let us callXn×n(S1, S2) a neighborhood opera-
tor returning a subset of pixels

(
x, y

)
∈ XY, which contains at least one pixel other

than zero in both layers S1 and S2 ⊂ XY within a n × n neighborhood. N3 shall
be the total number of pixels

(
x, y

)
∈ X3×3(δDvc , δDvc1), then assuming that these

interactions takes only place at N3 ·
(
1 − εc,c1

)
pixels, the transfered layer δTrc,c1

(
x, y

)
may be written as

δTrc,c1

(
x, y

)
= δDvc

(
x, y

)
− ∆εc,c1

(
x, y

)
with (8.11)

∆εc,c1

(
x, y

)
=

% ∀
(
x, y

)
∈ RN3·(1−εc,c1)(X3×3(δDvc

(
x, y

)
, δDvc1

(
x, y

)
)) ,

0 otherwise .

Taking the neighborhood into account makes it possible to approximate the effects
of the electrostatic interactions between neighboring particles located in different
layers. Finally, when printing with 3 different colors, the total transfered particles
of each color cn are given by the combination of the relations (8.9) and (8.11)
influenced by all other color layers cm where m ∈ Nn = {1 · · · 3} \ {n} where “\”
is difference operator of two sets. Additionally, overprinting all primary colors
together may affect each separate color layer cn. This is considered with the factor
εcn,all yielding an approach which may easily be generalized to the case of printing
M colors

δTrcn

(
x, y

)
= δTrcn auto

(
x, y

)
+

∑
m∈Nn

δTrcn ,cm

(
x, y

)
+ δTrcn ,all

(
x, y

)
. (8.12)

8.3.6 Toner spreading during the fusing step

After transferring the toner layers to the printing medium, the developed image
is fixed permanently by melting the toner to the medium. The main effects of
the fixing heat and pressure within the fuser nip, such as toner flow, spread
and particle join are simulated by applying a smoothing filter on the transferred
particles δTrc

(
x, y

)
of equation (8.12). For simplicity, the proposal is to apply a

fusing filter convolution kernel HF(r) based on a hyper-parabola given by

HF(r) =

1 −
(

r
rF

)4
∀r ∈ [−rF, rF ] ,

0 otherwise ,
(8.13)

where rF represents the average fuser spreading width. The fused thickness profile
δF c

(
x, y

)
of each color layer c is then given by the convolution operation

δF c

(
x, y

)
= δTr c

(
x, y

)
∗∗HF

(
x, y

)
, (8.14)
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where
(
x, y

)
is substituted for r in equation (8.13). The filter operation averages

the discontinuous character of the simulation of the transfered toner particles
and produces a smooth image that corresponds to a high degree to microscopic
images of electrophotographic prints [MEH00]. Such a simulation is illustrated in
the lower-right part of figure 8.6. The obtained toner relief δF c

(
x, y

)
representing

the relative thickness of the deposited toner clusters is the key element for the
subsequent spectral transmittance calculation.

8.4 Computing the inner transmittance spectra of
halftone prints

The internal point transmittance distribution ϑtλ
(
x, y

)
needed in eq. (6.26) and

(6.27) is computed by applying B–B–L’s law (section 4.1.2). As-
suming weak light-scattering inks, the law given in equation (4.5) associates the
internal transmittance ϑcλ of a filter c having the relative thickness δc to its nor-
malized transmittance ϑre fc λ

ϑcλ = ϑ
δc
re fc λ

. (8.15)

Printing M overlapped primary inks, the point transmittance distributionϑtλ
(
x, y

)
is approximated according to equation (5.1) by the product of the internal spectral
transmittance distributions

ϑtλ
(
x, y

)
=

M∏
c=1

ϑ
δF c(x,y)
re fc λ

, (8.16)

with the fused relative thickness relief δF c

(
x, y

)
obtained from equation 8.14.

The presented electrophotographic model makes it possible to calculate the ex-
pected internal spectral point transmittance of a multi-color layer as a function of
the input color separation bmpc

(
x, y

)
of all primary inks c. Using completely trans-

parent transparencies, the presented electrophotographic model can be applied
independently and calibrated as proposed in [MEH00, MEH01]. Furthermore,
the lateral light scattering model presented in part II makes it possible to use the
calibrated electrophotographic model to predict the spectral point reflectance of
halftone prints on common office papers [MESH02]. Chapter 9 presents corre-
sponding numerical calibration and evaluation results for color halftone prints.
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9 Electrophotographic evaluations

The parameters of the proposed electrophotographic simulation model are
estimated by using the previously established light scattering model. This
chapter introduces a calibration approach where the reflectance spectra
of a halftone calibration set are predicted and compared with measured
spectra. The model parameters are fitted by minimizing the sum square
differences between the spectral predictions and the measurements. Then,
the chapter presents prediction results using a calibrated model for a
particular electrophotographic desktop printer.

9.1 Calibrating the electrophotographic model

As shown in chapter 7, the calibration samples of the light scattering model con-
sist solely of measured spectra of the paper-white in addition to the spectra of
printed solid patches of each considered primary color. Therefore, for a particular
paper/printer combination, the light scattering model is calibrated independently
from any halftone prediction model such as the present electrophotographic sim-
ulation model.

The proposed calibration approach requires only macroscopic spectral re-
flectance measurements that may be measured using a common spectropho-
tometer. Without loss of generality, the current presentation of the calibration is
restricted to the trichromatic case, i.e considering only cyan, magenta and yellow
halftone prints in addition to their combinations. Given a calibrated light scat-
tering model and the input color separation bmpc

(
x, y

)
, the spectral reflectance

of any halftone patch is predicted by applying the model equations (8.16) and
(6.33) sequently. The spectral reflectance estimate of a whole patch R̂λ, which
corresponds to a macroscopic measurement with a common spectrophotometer,
is given by the mean value of the spectra of the high-resolution grid elements
(x, y) ∈ XY (see section 8.3.1) yielding

R̂λ =
1
N
·

∑
(x,y)∈XY

R̂λ
(
x, y

)
, (9.1)

where N is the total number of the computed grid elements. Equation (9.1) com-
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bined with the insights of section 7.3 explains how macroscopic reflectance mea-
surements of a print on paper depends on the microscopic point reflectances.

Most of the model parameters determine the reproduction characteristics of
monochrome halftone prints, i.e. single primary color prints. Only the cross trans-
fer efficiency factors εc,cm and εc,all of equation (8.11) are determined by the mul-
tichrome reproduction characteristics. Accordingly, the calibration samples of the
electrophotographic simulation model are subdivided into three groups. The first
group comprises three monochrome halftone patches of each considered primary
color, two intermediate halftone levels and the solid print. The second group con-
siders the bichromatic print and consists of four halftone patches of each bichro-
matic combination, yielding a total of twelve patches for the considered CMY case.
Finally, the third group comprises the trichromatic combination of an intermediate
halftone level in addition to the solid prints of each primary color yielding a set
of eight patches. The result is a calibration chart having only 29 halftone patches,
which ought to fully characterize the considered electrophotographic desktop
printer.

9.1.1 Calibration results of a brightened paper

Like the light scattering model, the parameters of the electrophotographic model
are estimated by minimizing the deviations between the spectral predictions and
the corresponding measurements. As illustrated in figure 9.1, the electrophoto-
graphic model is calibrated by presenting the measured spectra of the calibration
samples, group by group, as an optimization goal to the constrained non-linear
optimization routines1 of M™. Figure 9.1 depicts the individually obtained
spectral optimization performances for the calibration patch set reaching a max-
imum spectral RMS deviation of as little as 2.1 %. The obtained optimization
colorimetric mean error equals 2.22∆E ∗94, its median equals 1.67∆E ∗94 and its max-
imum reaches 8.30∆E ∗94.

9.2 Model evaluations for a particular printer

Once the optimization is completed, the obtained model parameters are fixed to
the fitted values (a numerical list of the obtained parameters is given in appendix
B). In order to analyze the prediction performance of the electrophotographic sim-
ulation model, the spectral reflectance of 1728 different samples of a test chart is
computed and compared with common spectral measurements of the correspond-
ing prints. The test chart is printed independently from the calibration samples
of section 9.1 and comprises color halftone patches spanning the entire printable
CMY color gamut. The patches are organized as a three-dimensional wedge with
the twelve intermediate levels {0, 3.1, 6.5, 10.1, 14.0, 18.3, 23.1, 28.6, 35.1, 43.4, 55.0

1The implemented calibration approach needs about two days computation time of a contem-
porary 1 GHz, 500 MB I® -based dual processor computer.
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Figure 9.1: Optimization performance of the electrophotographic simulation model for the
calibration patch set (learning set). The single graphs correspond to the individual cali-
bration groups. The predictions are depicted by the marked lines, and the measurements
by the solid lines. The area coverage of the individual primary colors was 12.6, 30.7 and
100.0 % and their respective combinations respectively.

and 100.0 %} of each primary color. This yields the above-mentioned total of 1728
different monochromatic, bichromatic and trichromatic color halftone patches.
The halftoning algorithm for the test samples was based on an error diffusion algo-
rithm filling the space according to a H path [Kan99]. The printer used for
the tests was a 600 dpi T™ P 560 laser desktop printer employing
CMY&K as primary colors.

9.2.1 Colorimetric printer repeatability

The repeatability of the used printer, i.e. its ability to accurately reproduce a given
color, plays a major role in the analysis of the prediction performance. In or-
der to estimate the printer repeatability, the introduced test chart with the 1728
patches was printed and measured independently three times. The average spec-
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tral reflectance of each patch was obtained as a mean value of five subsequent
measurements at slightly varied spatial spots. The Gretag-Macbeth™ SpectroScan T
with a black backing was used for the measurements without additional optical
filters. This spectrophotometer claims a colorimetric accuracy of 0.4 ∆E ∗ab and a
short-time repeatability of 0.02 ∆E ∗ab. For homogenous color, the repeatability is
defined as the standard deviation of 10 measurements over 10 seconds.

Given the spectral measurements of the test chart, the printer repeatability
is expressed as the average colorimetric deviation between the individual repro-
ductions. Figure 9.2 illustrates the obtained reproduction error statistics given in
∆E ∗94 units. The right graph facilitates the reading of the maximum reproduction

0 1.5 3 4.5 6 9 12 15
0

25

50

75

100

∆E*
94

(%
)

0 5 10 15
0

2

4

6

8

∆E*
94

oc
cu

re
nc

e 
(%

)

Figure 9.2: Colorimetric printer repeatability Left side: colorimetric deviation histogram il-
lustrating the measurement statistics of three independent prints of the same test samples
comprising 1728 different patches. Right side: cumulative sum representation of the same
histogram, which allows to read the maximum expected error at a given percentage of the
whole printer gamut.

error for a given percentage of all test samples. As an example, 50 % of the patches
are reproduced with a colorimetric deviation of less than 1.6∆E ∗94, representing
the median of the reproduction accuracy. This median represents an error only
1/10 lower than the prediction presented in section 9.1.1.

9.2.2 Prediction performance of a test set (1928 patches)

The prediction performance of the model is quantified by comparing the mea-
sured and predicted reflectance spectra of the various patches of the test chart.
The predictions are also compared with the obtained performance of the classical
halftone models reviewed in chapter 5. The classical models were adequately
calibrated obtaining a fair comparison with the presented model. Among all clas-
sical models, the Y–N corrected spectral N equation (5.15),
with fitted area coverages at f it and a fitted n-value, performed best within the
entire printer gamut. Therefore, it was chosen hereinafter as a reference for the
performance of the classical models. Comparing the model predictions with the
various test chart measurements yields a worst, an average and a best case perfor-
mance. All of them are depicted in figure 9.3 in addition to the performance of the
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Figure 9.3: Prediction benchmark of color halftone prints on the brightened
ColorCopy™paper. Left side: histogram of the best-case predictions of the test samples.
Right side: cumulative sum representation of the same histogram in addition to the aver-
age and the worst-case prediction as well as the printer repeatability and the performance
of the classical model. The bold line represents the average prediction performance.

classical model and the corresponding printer repeatability of figure 9.2. For the
prediction model, including the effect of fluorescence (section 7.2.2), the average
predication error equals 2.38∆E ∗94, its median is 2.16∆E ∗94 and its maximum is
11.38∆E ∗94.

Up to now, the considered paper type was the brightened ColorCopy™, which
is a paper optimized for desktop publishing applications. To complete the picture,
figure 9.4 illustrates the performance obtained for the non-brightened APCO II/II
paper. It is a paper of a higher strength, and the electrophotographic model experi-
ences more convergence and prediction difficulties than with the optimized office
paper. Accordingly, the prediction could not reach the same accuracy. Its average
error equals 3.13∆E ∗94, its median is 2.74∆E ∗94 and its maximum is 19.57∆E ∗94.
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Figure 9.4: Prediction benchmark for the non-brightened APCO II/II paper compared with
the corresponding printer repeatability and the performance of the classical models.

Generally, the performance of a calibrated system prediction model cannot be
expected to overtake the reproduction repeatability of the system itself. Hence, the
comparisons clearly demonstrate the accuracy potential of the applied concepts.
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However, combined with the understanding of the underlying processes, the
comparisons also demonstrate the obvious difficulty of obtaining a consistent,
highly accurate electrophotographic printer model.

9.3 Impact of ignoring the paper brighteners

Considering the possibility of ignoring the fluorescent spectrum of a brightened
paper. For instance, a light scattering model is considered to be calibrated if it
uses the same data as presented in figure 7.5 but completely ignoring the flu-
orescent spectrum. Despite the fact that the light scattering model assumed a
non-brightened paper, it succeeded in estimating a parameter set that was, how-
ever, less accurate. In particular, the fitting of the light scattering model trans-
mittance spectra (section 7.2.2) failed to match and the maximum colorimetric
deviation persisted at 7.02∆E ∗94. Nevertheless, the prediction of the reflectance
measurements on the black and white backing yielded an accuracy of 2.32∆E ∗94.
However, as presumed in section 6.1.1, the combined models fail to predict the
achieved halftone colors accurately as presented in figure 9.5. To recall, as soon
as the paper is covered by colors that absorb a certain amount of the excitation
radiation, the paper whiteness beneath the print attenuates and becomes yellow-
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Figure 9.5: Upper graph: spectral illustration of the resulting blue shift that arises from
ignoring the fluorescent spectrum and its excitation barrier. The predictions are depicted
by the marked lines and the measurements by the solid lines. Lower graph: comparison
graph illustrating the predictions of the same halftone patches obtained with the calibrated
model of figure 9.3.

ish again. A model that ignores this effect would always predict a bright paper
yielding an intractable bluish prediction shift. It is clearly apparent in the upper
graph of the figure 9.5 at the wavelengths between 400 and 500 nm. The average
shift ∆b∗ reaches 3.95 units towards blue compared with just 0.52 units of the well
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calibrated models. In comparison, the average ∆L∗ and ∆a∗ are in both cases less
than 1 and hence negligible.

9.4 Three-dimensional visualization of a toner profile

Certainly one of the important intermediate results is the predicted microscopic
relief δF

(
x, y

)
of the fused toner residing at the top of a paper surface. It is obtained

from the fusing equation (8.14). Applying equations (8.16) and (6.33), each pixel

Figure 9.6: Two simulated microscopic toner profiles of clustered dot halftones. The half-
tone area coverages are 10 and 30 % respectively. Each illustrated area has a dimension
of 1 × 1 mm and is illuminated from the rear right corner.

is accurately colored by the estimated point spectral reflectance R̂λ
(
x, y

)
. As an

example, figure 9.6 illustrates two halftone patches at different area coverages. The
applied halftoning scheme follows the classical clustered dot approach described
in [Kan99]. As a result of the combined models, the obtained visualization takes
into account the electrophotographic characteristics of the printer as well as the
light scattering effect within the paper substrate.
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10 Conclusion

The visual appearance of printed media is determined by the underlying physical
phenomena, i.e. spectral light absorption and scattering. Knowing and controlling
the characteristics of a printing process is essential in order to correctly reproduce
an initial image. Dot gain mainly affects the reproduction accuracy and is divided
into a mechanical and an optical dot gain. Physical dot gain is caused by the dot
formation and the deposition properties of inks or toner on the printing substrate.
Optical dot gain is due to lateral scattering of light within the bulk of paper and due
to internal reflections within the coatings. As a first insight, the thesis analyzes the
incident lateral light scattering through the paper substrate, as the main reason
for optical dot gain.

A second insight explains how fluorescent agents added to most paper sub-
strates may accentuate the halftone reproduction non-linearity. Activated by the
invisible ultraviolet light, the fluorescent additives emit blue light, compensat-
ing for the yellowish appearance of natural paper fibers. The emission occurs
diffusely in all space directions and amplifies the effects of the optical dot gain
within the blue wavelength range. Furthermore, the excitation energy depends
on the printed ink layers, which may filter the incident light yielding a reduced
fluorescence emission.

By taking into account lateral scattering, multiple reflections and paper fluo-
rescence, this thesis presents a comprehensive mathematical model for the anal-
ysis of the optical dot gain effects on halftone prints. It is based on the main
contributing physical phenomena. The lateral scattering model relies on a 3D dif-
ferential equation system describing the scattering of light in space. The spectral
model takes into account the effect of fluorescent agents added to the substrate of
common papers. The derived solution is a closed analytical equation described
in the F domain. The obtained equation makes it possible to compute the
spectral point reflectance of arbitrary halftone prints as a function of the spectral
point transmittance of the corresponding color layer combinations.

When properly considering optical interreflections within the two interfaces
of a paper sheet, the model permits an accurate calibration for any particular
combination of paper and inks. With the assumption of isotropic light scattering
within paper, halftone reproductions can be characterized without explicit optical
dot gain measurements. Spectral reflectance and transmittance measurements of
simple solid patches are sufficient for the characterization of the relevant optical
properties of common papers.
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The presented light scattering model makes it possible to predict the spatial
properties of halftone prints. Using comparative microscopic spectral measure-
ments, the model was qualitatively verified. Thanks to the calibrated model,
the thesis presents demonstrative microscopic simulations of arbitrary halftone
samples at various spatial scales. The simulations create the bridge between the
macroscopic structures and the macroscopic appearance.

The light scattering model is used to predict the reflectance spectra of color
halftone patches printed on a dry toner electrophotographic desktop printer. The
newly introduced mechanical dot gain model simulates the characteristic dot
formation of electrophotographic printers and computes the point transmittances
of any given input image. Calibrated with the spectral measurements of only 30
calibration halftone patches, the aggregation of both models is able to predict the
full color response of the considered printer-paper combination. The obtained
prediction errors were close to the general printer repeatability, confirming an
excellent agreement between theory and measurements.

The thesis proposes a new fundamental framework for prospective devel-
opments of color halftone printing systems. Using the proposed model, paper
manufacturers are now able to accurately characterize the optical properties of
their products. Moreover, it is now possible to introduce easier printer calibra-
tion procedures. The groundwork introduced by the thesis offers the possibility of
conceiving novel, user friendlier and self-calibrating color halftone printer control
systems.
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A Lateral light scattering model

The complexity of the light scattering model was reduced by applying a
systematic replacement of the coefficients of the radiant fluxes with simple
constants. The obtained substitutions for the cartesian equation system
are listed in appendix A.1. The derivation of the cartesian solution given in
chapter 6 is presented in appendix A.2. Finally, as the whole light scattering
analysis in polar coordinates is identical to the cartesian analysis, the
detailed presentation of the polar coordinates equation system is moved
from the main part of the thesis to appendix A.3.

A.1 Substitution list of the cartesian model

The following substitutions are introduced in order to obtain the simplified differ-
ential equation system (6.20) and (6.21). The substitutions were carried out using
M® .

c
χψ, λ
=

√
a 2

21χψ, λ
− a 2

12χψ, λ
, (A.1)

a12χψ, λ =
s2χψ, λ

s1χψ, λ
, (A.2)

a21χψ, λ =
s3χψ, λ

s1χψ, λ
, (A.3)
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s1χψ, λ = q 4
1χψ, λ
+ q3χψ, λ ·q4χψ, λ ·q5χψ, λ ·q6χψ, λ +

(
2·

(
q3χψ, λ+q4χψ, λ+q5χψ, λ+q6χψ, λ

)
·q1χψ, λ−(

q3χψ, λ+q4χψ, λ

)
·

(
q5χψ, λ+q6χψ, λ

) )
·q 2

7χψ, λ
−(

q3χψ, λ ·q4χψ, λ+q5χψ, λ ·q6χψ, λ+4·q 2
7χψ, λ

)
·q 2

1χψ, λ
, (A.4)

s2χψ, λ = −
(

q 2
1χψ, λ
−q3χψ, λ ·q4χψ, λ

)
·

(
q 2

1χψ, λ
−q5χψ, λ ·q6χψ, λ

)
·q1χψ, λ+(

8·q 3
1χψ, λ
+q3χψ, λ ·q4χψ, λ ·q5χψ, λ+q4χψ, λ ·q5χψ, λ ·q6χψ, λ+

(
q4χψ, λ+q5χψ, λ

)
·q3χψ, λ ·q6χψ, λ−

3·
(

q3χψ, λ+q4χψ, λ+q5χψ, λ+q6χψ, λ

)
·q 2

1χψ, λ
+

(
−2·q5χψ, λ ·q6χψ, λ+(

q5χψ, λ+q6χψ, λ

)
·q4χψ, λ +

(
q5χψ, λ+q6χψ, λ−2·q4χψ, λ

)
·q3χψ, λ

)
·q1χψ, λ

)
·q 2

7χψ, λ
−

2·
(

2·q1χψ, λ−q3χψ, λ−q4χψ, λ

)
·

(
2·q1χψ, λ−q5χψ, λ−q6χψ, λ

)
·q 3

7χψ, λ
, (A.5)

s3χψ, λ = −
(

q 2
1χψ, λ
−q3χψ, λ ·q4χψ, λ

)
·

(
q 2

1χψ, λ
−q5χψ, λ ·q6χψ, λ

)
·q2χψ, λ+(

4·q 3
1χψ, λ
+
(

4·q2χψ, λ−q3χψ, λ−q4χψ, λ−q5χψ, λ−q6χψ, λ

)
·q 2

1χψ, λ
+

q4χψ, λ ·q5χψ, λ ·q6χψ, λ+
(

q3χψ, λ+q4χψ, λ

)
·

(
q5χψ, λ+q6χψ, λ

)
·q2χψ, λ+(

q5χψ, λ ·q6χψ, λ +
(

q5χψ, λ+q6χψ, λ

)
·q4χψ, λ

)
·q3χψ, λ−

2·
(

q3χψ, λ ·q4χψ, λ + q5χψ, λ ·q6χψ, λ +
(

q3χψ, λ+q4χψ, λ+q5χψ, λ+q6χψ, λ

)
·q2χψ, λ

)
·q1χψ, λ

)
·q 2

7χψ, λ
−

2·
(

2·q1χψ, λ−q3χψ, λ−q4χψ, λ

)
·

(
2·q1χψ, λ−q5χψ, λ−q6χψ, λ

)
·q 3

7χψ, λ
, (A.6)

q1χψ, λ =φ fλ + σrλ , (A.7)

q2χψ, λ =φ fλ − αλ − σrλ − 4·σsλ , (A.8)

q3χψ, λ = q2χψ, λ − 2π i·χ , (A.9)

q4χψ, λ = q2χψ, λ + 2π i·χ , (A.10)

q5χψ, λ = q2χψ, λ − 2π i·ψ , (A.11)

q6χψ, λ = q2χψ, λ + 2π i·ψ , (A.12)

q7χψ, λ =φ fλ + σsλ . (A.13)

90



A.2. S    

A.1.1 Singular cartesian case

Applying the singular relation given in eq. (7.1) reduces the substitution eq. (A.4)–
(A.13) as follows

s100,λ =
(

q100,λ−q200,λ

)2
·

( (
q100,λ+q200,λ

)2
−4·q 2

700,λ

)
, (A.14)

s200,λ = −
(

q100,λ−q200,λ

)2
·

(
q100,λ+q200,λ−2·q700,λ

)
·

( (
q100,λ+q200,λ

)
·q100,λ+2·q100,λ ·q700,λ−4·q 2

700,λ

)
, (A.15)

s300,λ = −
(

q100,λ−q200,λ

)2
·

(
q100,λ+q200,λ−2·q700,λ

)
·

( (
q100,λ+q200,λ

)
·q200,λ+2·q200,λ ·q700,λ−4·q 2

700,λ

)
, (A.16)

q100,λ =φ fλ + σrλ , (A.17)

q200,λ =φ fλ − αλ − σrλ − 4·σsλ , (A.18)

q700,λ =φ fλ + σsλ . (A.19)

A.2 Solving the boundary condition problem

For simplicity’s sake, the lateral and the wavelength dependencies (χ,ψ ) and λ
of the radiant fluxes are omitted, and the equations (6.20) and (6.21) are rewritten
as

∂I (z)
∂ z

= a12 ·J (z) + a21 ·I (z) , (A.20)

−
∂J (z)
∂ z

= a12 ·I (z) + a21 ·J (z) . (A.21)

By rearranging equation (A.21) one obtains

I (z) = −
1

a12
·

(
a21 ·J (z) +

∂J (z)
∂ z

)
(A.22)

which combined with equation (A.20) yields the differential equation

∂ 2
J (z)
∂ z2 =

(
a 2

21 − a 2
12

)
·J (z) . (A.23)

Equation (A.23) is directly solved by applying the methods of calculus [BS97]
yielding the integration solution of the emerging flux

J (z) = C1 ·e−z
√

a 2
21−a 2

12 + C2 ·e z
√

a 2
21−a 2

12 , (A.24)
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where C1 and C2 are the constants of integration. Setting this solution back into
equation (A.22) yields the solution for the incident flux

I (z) =
e−z
√

a 2
21−a 2

12

a12
× (A.25)( (

C1 − C2 ·e 2 z
√

a 2
21−a 2

12

)
·

√
a 2

21 − a 2
12 −

(
C1 + C2 ·e 2 z

√
a 2

21−a 2
12

)
·a21

)
.

The constants of integration C1 and C2 are solved by applying the illuminating
conditions at the top and bottom interfaces given in equations (6.28) and (6.29).
However, before being applied, these equations must be transformed into the
F domain yielding

Iλ
(
χ,ψ,D

)
= τapλ

(
χ,ψ

)
∗∗ i0λ , (A.26)

using the convolution theorem of the F transform [Bra00, p. 117]. Accordingly,
Jλ

(
χ,ψ, 0

)
is related with the constant transmittance illumination j0λ by

Jλ
(
χ,ψ, 0

)
= ρpbλ ·Iλ

(
χ,ψ, 0

)
+ τbpλ ∗∗ j0λ , (A.27)

with the backing-paper reflectance ρpbλ that reflects any flux reaching the bottom
of the light scattering substrate. Henceforth, the dependencies (χ,ψ ) and λ are
omitted again after this short insertion.

Applying equations (A.26) and (A.27) to equations (A.24) and (A.25) and using
the substitution (A.1) yields the constants of integration

C1 =

(
a12 +

(
c + a21

)
·ρpb

)
·e D c
·τap∗∗ i0 +

(
c + a21

)
·e 2 D c

·τbp∗∗ j0

c − a21 − a12 ·ρpb +
(

c + a21 + a12 ·ρpb

)
·e 2 D c

(A.28)

C2 =

(
−a12 +

(
c − a21

)
·ρpb

)
·e D c
·τap∗∗ i0 +

(
c − a21

)
·τbp∗∗ j0

c − a21 − a12 ·ρpb +
(

c + a21 + a12 ·ρpb

)
·e 2 D c

(A.29)

Substituting the right-hand side of equations (A.28) and (A.29) for the constants
of integration C1 and C2 in equation (A.24) yields the general solution of J (z)

J (z) =

(
a12 +

(
c + a21

)
·ρpb

)
·e D c +

(
−a12 +

(
c − a21

)
·ρpb

)
·e (2 z+D) c(

c − a21 − a12 ·ρpb

)
·e z c +

(
c + a21 + a12 ·ρpb

)
·e (2 D+z) c

·τap∗∗ i0+

(
c − a21

)
·e 2 z c +

(
c + a21

)
·e 2 D c(

c − a21 − a12 ·ρpb

)
·e z c +

(
c + a21 + a12 ·ρpb

)
·e (2 D+z) c

·τbp∗∗ j0 . (A.30)

As introduced in section 6.3.3, the obtained solution ofJ (z) describes the general
modulation transfer function (MTF) of a diffuse light scattering medium. Ap-
plying the measurement equation (6.30) and (6.31) to this general solution easily
leads to the transmittance and reflectance equations (6.32) and (6.33).
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A.3 Light scattering in polar coordinates

The analysis of the scattering light in a polar coordinate system is conducted
similarly to the analysis presented in section 6.2.1. Let r and z be the radial and
the vertical coordinates. The azimuth θ is neglected, due to circular symmetry.
As illustrated in figure 6.2, the spectral analysis of the downward and upward
oriented fluxes

(
iλ, jλ

)
as well as the of the lateral ones

(
pλ, qλ

)
is applied on a

cylindrical ring of a paper sheet with a total thickness D

iλ(r, z)·2πr· dr = iλ(r, z+dz)·2πr· dr +
[ (
φ fλ+ σ jiλ

)
· jλ(r, z)+(

φ fλ− φeλ− αλ− σi jλ− σipλ− σiqλ

)
·iλ(r, z+dz)+(

φ fλ+ σpiλ

)
·pλ(r, z) +

(
φ fλ+ σqiλ

)
·qλ(r+dr, z)

]
·2πr· drdz , (A.31)

jλ(r, z+dz)·2πr· dr = jλ(r, z)·2πr· dr +
[ (
φ fλ+ σi jλ

)
·iλ(r, z+dz)+(

φ fλ− φeλ− αλ− σ jiλ− σ jpλ− σ jqλ

)
· jλ(r, z)+(

φ fλ+ σpjλ

)
·pλ(r, z) +

(
φ fλ+ σqjλ

)
·qλ(r+dr, z)

]
·2πr· drdz , (A.32)

pλ(r+dr, z)·2πr· dz = pλ(r, z)·2πr· dz +
[ (
φ fλ+ σqpλ

)
·qλ(r+dr, z)+(

φ fλ− φeλ− αλ− σpqλ− σpiλ− σpjλ

)
·pλ(r, z)+(

φ fλ+ σipλ

)
·iλ(r, z+dz) +

(
φ fλ+ σ jpλ

)
· jλ(r, z)

]
·2πr· drdz , (A.33)

qλ(r, z)·2πr· dz = qλ(r+dr, z)·2πr· dz +
[ (
φ fλ+ σpqλ

)
·pλ(r, z)+(

φ fλ− φeλ− αλ− σqpλ− σqiλ− σqjλ

)
·qλ(r+dr, z)+(

φ fλ+ σiqλ

)
·iλ(r, z+dz) +

(
φ fλ+ σ jqλ

)
· jλ(r, z)

]
·2πr· drdz , (A.34)

where αλ and σx1x2 λ are the specific spectral absorption and scattering coefficient
per unit 2πr· drdz volume respectively and, φeλ and φ fλ are the normalized exci-
tation and fluorescent spectra. According to section 6.2.1, the system of coupled
partial linear differential equations is derived applying a T series expansion
along r+dr and z+dz yielding

∂ iλ(r, z)
∂ z

=−
(
φ fλ+ σ jiλ

)
· jλ(r, z)−(

φ fλ− αλ− σi jλ− σipλ− σiqλ

)
·iλ(r, z)−(

φ fλ+ σpiλ

)
·pλ(r, z) −

(
φ fλ+ σqiλ

)
·qλ(r, z) , (A.35)

∂ jλ(r, z)
∂ z

=
(
φ fλ+ σi jλ

)
·iλ(r, z)+(

φ fλ− αλ− σ jiλ− σ jpλ− σ jqλ

)
· jλ(r, z)+(

φ fλ+ σpjλ

)
·pλ(r, z) +

(
φ fλ+ σqjλ

)
·qλ(r, z) , (A.36)
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∂ pλ(r, z)
∂ x

=
(
φ fλ+ σqpλ

)
·qλ(r, z)+(

φ fλ− αλ− σpqλ− σpiλ− σpjλ

)
·pλ(r, z)+(

φ fλ+ σipλ

)
·iλ(r, z) +

(
φ fλ+ σ jpλ

)
· jλ(r, z) , (A.37)

∂ qλ(r, z)
∂ x

=−
(
φ fλ+ σpqλ

)
·pλ(r, z)−(

φ fλ− αλ− σqpλ− σqiλ− σqjλ

)
·qλ(r, z)−(

φ fλ+ σiqλ

)
·iλ(r, z) −

(
φ fλ+ σ jqλ

)
· jλ(r, z) . (A.38)

Besides the fluorescent parameters φ fλ , equations (A.35)–(A.38) are mathemati-
cally of the same type as B’s equations (9.1)–(9.4) [Ber97]. The application of a
one-dimensional F transform along the radial coordinate r changes the dif-
ferential nature of both lateral equations (A.37) and (A.38) to common algebraic
equations. Processing the transformed system algebraically with M®

[Wol00] cancels the lateral equations and the equation systems are reduced to the
following perpendicular F transformed differential equations

∂Iλ
(
ρ, z

)
∂ z

= a12ρ, λ ·Jλ
(
ρ, z

)
+ a21ρ, λ ·Iλ

(
ρ, z

)
, (A.39)

−
∂Jλ

(
ρ, z

)
∂ z

= a12ρ, λ ·Iλ
(
ρ, z

)
+ a21ρ, λ ·Jλ

(
ρ, z

)
, (A.40)

where Iλ
(
ρ, z

)
andJλ

(
ρ, z

)
are the F transform of the perpendicular fluxes

iλ(r, z) and jλ(r, z). a12ρ, λ and a21ρ, λ are substitution constants given explicitly in
appendix A.3.1. Finally the paper’s modulation transfer function derived in a
polar coordinate system is given according to section A.2 by

Tλ(r) = τbpλ ·F
−1

r

[
Fr

[
τpaλ(r)

]
× (A.41)

2·cρ, λ ·e
D c

ρ, λ

cρ, λ − a21ρ, λ − a12ρ, λ ·ρpbλ +
(
cρ, λ + a21ρ, λ + a12ρ, λ ·ρpbλ

)
·e 2 D c

ρ, λ

]
,

Rλ(r) = ρapλ(r) + τapλ(r)·F −1
r

[
Fr

[
τpaλ(r)

]
× (A.42)

a12ρ, λ +
(

cρ, λ + a21ρ, λ

)
·ρpbλ +

(
−a12ρ, λ +

(
cρ, λ − a21ρ, λ

)
·ρpbλ

)
·e 2 D c

ρ, λ

cρ, λ − a21ρ, λ − a12ρ, λ ·ρpbλ +
(
cρ, λ + a21ρ, λ + a12ρ, λ ·ρpbλ

)
·e 2 D c

ρ, λ

]
,

with Fr and F −1
r the one-dimensional F transform in r and its inverse.

τbpλ , ρpbλ , τpaλ(r), ρapλ(r) and τapλ(r) are the boundary conditions corresponding to
eq. (6.23)–(6.27) formulated in polar coordinates. The substitutions cρ, λ , a12ρ, λ and
a21ρ, λ are given in appendix A.3.1.
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A.3.1 Substitution list of the polar coordinates model

The substitutions introduced for the polar coordinates model applying the semi
isotrope scattering approach introduced in section 6.2.1 are

c
ρ, λ
=

√
a 2

21ρ, λ
− a 2

12ρ, λ
, (A.43)

a12ρ, λ =
s2ρ, λ

s1ρ, λ
, (A.44)

a21ρ, λ =
s3ρ, λ

s1ρ, λ
, (A.45)

s1ρ, λ = q 2
1ρ, λ
− q3ρ, λ ·q4ρ, λ , (A.46)

s2ρ, λ = −q 3
1ρ, λ
−

(
q3ρ, λ+q4ρ, λ

)
·q 2

5ρ, λ
+

(
q3ρ, λ ·q4ρ, λ+2·q 2

5ρ, λ

)
·q1ρ, λ , (A.47)

s3ρ, λ = 2·q1ρ, λ ·q
2
5ρ, λ
−

(
q3ρ, λ+q4ρ, λ

)
·q 2

5ρ, λ
− q2ρ, λ ·s1ρ, λ , (A.48)

q1ρ, λ =φ fλ + σrλ , (A.49)

q2ρ, λ =φ fλ − αλ − σrλ − 2·σsλ , (A.50)

q3ρ, λ = q2ρ, λ − 2π i·ρ , (A.51)

q4ρ, λ = q2ρ, λ + 2π i·ρ , (A.52)

q5ρ, λ =φ fλ + σsλ . (A.53)

A.3.1.1 Singular polar coordinate case

Applying the singular relation given in eq. (7.1) reduces the substitution eq. (A.46)–
(A.53) to

s10,λ =
(

q10,λ−q20,λ

)
·

(
q10,λ+q20,λ

)
, (A.54)

s20,λ = −
(

q10,λ−q20,λ

)
·

( (
q10,λ+q20,λ

)
·q10,λ−2·q 2

50,λ

)
, (A.55)

s30,λ = 2·
(

q10,λ−q20,λ

)
·q 2

50,λ
−q20,λ ·s10,λ , (A.56)

q10,λ =φ fλ + σrλ , (A.57)
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q20,λ =φ fλ − αλ − σrλ − 2·σsλ , (A.58)

q50,λ =φ fλ + σsλ . (A.59)
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B Electrophotographic parameters

For the sake of completeness, the parameter values of the calibrated electropho-
tographic model are listed below. They belong to the calibrated model, which
produces to the results shown in figure 9.3. The table represents the numerical
values of the cyan (c) layer and may serve the reader as an initial point for any
calibration attempt.

Parameters of equations (8.1)–(8.3)

L1 = 1.0353 mm , L2 = 0.8852 mm ,

z ≡ 3.1000 µm , ζ = 30.1497 µm ,

C0 = 0.8703 , Isat = 0.6747 ,

η ≡ 6.3000 , β ≡ 0.3125 .

Parameters of equation (8.5)

µ = 0.5357 , υ = 0.7835 ,

γ = 1.9589 .

Parameters of equation (8.6)

a = 1.2145 , b = 0.8454 .

Parameters of equation (8.8)

τimp = 0.2393 .

Parameters of equation (8.12)

εc = 93 % , εc,all = 99 % ,

εc,m = 98 % , εc,y = 97 % .

Parameters of equation (8.13)

rF = 31 µm .

The symbol “≡” denotes preselected values. Unless explicitly stated, the listed
values are given in normalized units in accordance with the purpose of the thesis.
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