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Reflectance and transmittance model for
recto–verso halftone prints
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We propose a spectral prediction model for predicting the reflectance and transmittance of recto–verso halftone
prints. A recto–verso halftone print is modeled as a diffusing substrate surrounded by two inked interfaces in
contact with air (or with another medium). The interaction of light with the print comprises three components:
(a) the attenuation of the incident light penetrating the print across the inked interface, (b) the internal re-
flectance and internal transmittance that accounts for the substrate’s intrinsic reflectance and transmittance
and for the multiple Fresnel internal reflections at the inked interfaces, and (c) the attenuation of light exiting
the print across the inked interfaces. Both the classical Williams–Clapper and Clapper–Yule spectral predic-
tion models are special cases of the proposed recto–verso reflectance and transmittance model. We also extend
the Kubelka–Munk model to predict the reflectance and transmittance of recto–verso halftone prints. The ex-
tended Kubelka–Munk model is compatible with the proposed recto–verso reflectance and transmittance
model. In the case of a homogeneous substrate, the recto–verso model’s internal reflectance and transmittance
can be expressed as a function Kubelka–Munk’s scattering and absorption parameters, or the Kubelka–Munk’s
scattering and absorption parameters can be inferred from the recto–verso model’s internal reflectance and
transmittance, deduced from spectral measurements. The proposed model offers new perspectives both for
spectral transmission and reflection predictions and for characterizing the properties of printed diffuse
substrates. © 2006 Optical Society of America

OCIS codes: 100.2810, 120.5700, 120.7000.
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. INTRODUCTION
odeling the interaction of light, ink halftones, and a pa-

er substrate has been a research challenge since the
arly 1930s. Many different phenomena influence the re-
ection or transmission spectrum of a color halftone patch
rinted on a diffusely reflecting or transmitting substrate
e.g., paper). These phenomena comprise (a) the surface
eflection of incident light (Fresnel reflectance) at the in-
erface between the air and the paper; (b) scattering, lat-
ral propagation, and reflection of light within the sub-
trate; and (c) the internal reflections (Fresnel reflections)
t each interface between the paper and the air. In addi-
ion to these purely optical phenomena, the ink interacts
ith the paper at print time, leading to ink spreading and
ossibly to the partial penetration of ink within the paper
ubstrate.

Most existing spectral prediction models predict the re-
ectance but not the transmittance of halftone prints.
hey also assume that the prints are printed only on their
pper side. In this paper we present a spectral prediction
odel predicting both the spectral reflectance and the

ransmittance of halftone prints, printed either on one
ide (the recto) or on two sides (recto–verso) of a printed
heet. We also extend the Kubelka–Munk theory1 to sub-
trates printed on one or both sides with ink halftones.
e then establish the relationship between the intrinsic

eflectance and transmittance coefficients of the proposed
eflection and transmission prediction model and the
ubelka–Munk scattering and absorption coefficients.
Early attempts to model the reflectance of a halftone

rint include the Neugebauer spectral reflectance predic-
ion model,2 which neglects both the lateral propagation
1084-7529/06/102415-18/$15.00 © 2
f light within the paper and the Fresnel reflections at the
rint–air interface. Yule and Nielsen3 and Viggiano4 im-
rove the Neugebauer model by applying a power func-
ion to the reflectances, which accounts for the lateral
ropagation of light within the paper and for the internal
resnel reflections. The Clapper–Yule reflectance model5

mproves the Neugebauer model by explicitly modeling
he internal (Fresnel) reflections at the paper–air inter-
ace and by accounting for the lateral propagation of light
ithin the paper. The Williams–Clapper model,6 support-

ng solid ink prints only, accounts explicitly both for the
resnel reflections at the upper paper–air interface and

or the obliqueness of the light rays traversing the ink
ayer. The Kubelka–Munk model predicts the reflectance
nd transmittance of a single uniformly diffusing layer
ubstrate.1,7 Kubelka8 extended the model to nonuni-
ormly diffusing, possibly multilayer, substrates but with-
ut accounting for the internal Fresnel reflections at the
ubstrate interface with the air. Saunderson introduces a
orrection9 that computes the exterior reflectance from
he Kubelka–Munk reflectance (internal reflectance)
odel, accounting for multiple internal Fresnel reflec-

ions.
More recent reflectance models include probabilistic
odels of the lateral propagation of light within the sub-

trate but do not consider explicitly the internal Fresnel
eflections at the interface between the print and the
ir.10–12 Reflectance models accounting for the internal
resnel reflections are extensions of the Clapper–Yule
odel13–15 or of the Kubelka–Munk model.16 Recent ex-

ensions of the Kubelka–Munk model17–19 concern absorb-
ng and inhomogeneous scattering media, such as prints
006 Optical Society of America
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n which the solid ink partially penetrates into the diffus-
ng substrate.

In this paper we rely on the following assumptions. The
ecto–verso print is composed of five superposed optical
lements with which light behaves differently: one
trongly scattering layer (paper substrate) at the center,
wo different absorbing and nonscattering layers (solid or
alftone inked layers) at both sides of the paper layer, and
wo interfaces. The recto of the recto–verso print is the
ide illuminated by the light source and the verso is the
ther side.

Let us present the characteristics of the interfaces, the
nked layers, and the substrate. The interfaces are as-
umed to be flat. They have a relative refractive index n,
nd the ratio of the print’s refractive index to the refrac-
ive index of air is equal to 1. The inked layers are non-
cattering, nonflorescent, and of constant thickness. They
ave a spectral transmittance t���, called normal trans-
ittance, corresponding to the attenuation of light cross-

ng the layer along its normal direction. The superposi-
ion of two solid inks yields a new colorant, e.g., the
uperposition of magenta and yellow inks yields the red
olorant. For a halftone inked layer, each contributing ink
s deposited as a dot screen covering a given fraction of
he print’s surface. The inked layer is a juxtaposition of
mall colorant areas resulting from the superposition of
he ink dot screens. Each colorant area k is characterized
y its fractional surface coverage ak and its spectral
ransmittance tk���. When printing with cyan, magenta,
nd yellow inks, we obtain the colorants white (no ink);
yan, magenta, yellow, red �magenta+yellow�; green
cyan+yellow�; blue �cyan+magenta�; and black �cyan
magenta+yellow�. In analogy with the spectral Neuge-
auer reflectance model,2,4 the average transmittance t���
f the halftone inked layer for normal incidence is given
y the sum of the transmittances tk��� of the colorants
eighted by their respective fractional surface coverages
k:

t��� = �
k=1

8

aktk���. �1�

We assume that the inks do not penetrate the sub-
trate. In analogy with the Clapper–Yule model,5 we as-
ume that lateral light propagation within the substrate
s important with respect to the halftone screen period.
oth the inked layer and the substrate are assumed to
ave the same refractive index. Since neither the inked

ayers nor the interfaces with air scatter light, we con-
ider an ink layer with its interface as a single optical el-
ment called the colored interface. Because the inks
rinted on the recto and the verso are generally different,
he recto- and verso-colored interfaces are accordingly dif-
erent. The substrate is strongly scattering and nonfluo-
escing. It may have different optical properties at its
ecto and verso sides. An incident light penetrating the
ubstrate is immediately diffused and its initial angular
istribution is canceled. Therefore, the optical properties
f the substrate alone are independent of the incident an-
ular distribution. When illuminated at its recto side (its
erso side), its reflectance is called recto intrinsic reflec-
ance (verso intrinsic reflectance). According to the prin-
iple of nonpolarity of transmittance introduced by
ubelka,8 the substrate has a single intrinsic transmit-

ance, this one being independent of the side of illumina-
ion. We assume that light emerging from the substrate is
niformly distributed over the hemisphere, i.e., it is Lam-
ertian.
Let us now consider the superposition of the recto-

olored interface, the substrate layer, and the verso-
olored interface. Once the incident light has crossed the
ecto-colored interface, it penetrates the substrate where
t undergoes multiple scattering. Light scattering in a
urbid media is modeled according to different theories
epending on the scale on which the interaction of light
ith the scattering medium is considered. Models based
n the radiative transfer equation describe scattering at a
icroscopic scale.20 Such models are computationally

eavy and their application to complex media such as pa-
er bulk is not easy. In the case of infinitely large and thin
ayers of strongly scattering media,21 the radiative trans-
er theory can be reduced to a two-flux model, known as
he Kubelka–Munk model.1,7 An alternative approach, in-
pired by the Williams–Clapper model,6 considers the in-
eraction of light with the substrate in terms of multiple
eflections between the substrate and the print–air inter-
ace. In this paper we pursue this approach for modeling
he reflectance and transmittance of recto–verso prints.

Reflectance and transmittance of prints depend on the
lluminating and measuring conditions, i.e., of the angu-
ar distribution of the incident light and of the light cap-
ured by the measuring device. This is due to the angular
ependence of the attenuations undergone by light when
rossing the interfaces and the inked layers, therefore
hen crossing the colored interfaces. In our model, we

eparate the expressions of reflectance and transmittance
n three components, one depending on the incident light
ngular distribution, the second depending on the cap-
ured light angular distribution, and the third one inde-
endent on the illuminating and capturing conditions.
he component Tin, relative to the penetration of the in-
ident light into the print, represents the fraction of the
ource flux that reaches the substrate (Fig. 1). It accounts
or the attenuations undergone while crossing the recto-
olored interface. It depends on the angular distribution
f the incident light. The component Tex, relative to the
mergence of the detected light, represents the fraction of

ig. 1. Interaction of light with the recto–verso print compris-
ng the attenuation of the penetrating light �Tin�, the attenuation
f the emerging light �Tex�, the print’s internal reflectance �Rm�,
nd internal transmittance �Tm�. The substrate is characterized
y its intrinsic reflectance �1 at its recto side, �2 at its verso side,
nd by its intrinsic transmittance �. The reflectances of the col-
red interfaces are r at the recto and r at the verso.
1 2
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otal diffuse light emitted by the substrate that reaches
he detector. It accounts for the attenuations undergone
y the emerging light while crossing the upper (for the
rint’s reflectance) or lower (for the print’s transmittance)
olored interface. The third component, which is different
or the reflectance and the transmittance, comprises the
nteraction of light inside the print between the substrate
nd the colored interfaces. The print’s internal reflectance
m represents the ratio of the total flux emerging from

he substrate at the recto side to the flux received by the
ubstrate from the light source. Likewise, the print’s in-
ernal transmittance Tm represents the ratio of the total
ux emerging from the substrate at the verso side to the
ux received by the substrate from the light source.
ence, our recto–verso prediction model expresses the

lobal reflectance R of the halftone recto–verso print as

R = TinTexRm. �2�

nd its global transmittance T as

T = TinTexTm. �3�

We introduce a multiple reflection–transmission model
llowing us to express the print’s internal reflectance Rm
nd internal transmittance Tm by taking into account all
ossible combinations of successive reflections and trans-
issions. The internal reflectance and internal transmit-

ance are functions of the recto intrinsic reflectance, the
erso intrinsic reflectance and the intrinsic transmittance
f the substrate, and the reflectances of the recto-colored
nterface and of the verso-colored interface.

Before presenting in detail the multiple reflection–
ransmission model, we first recall in Section 2 the basic
otions of geometric optics necessary for describing the
eflection and the transmission of light by an interface. In
ection 3, we present the attenuation Tin of incident light
enetrating the print with respect to the illumination ge-
metry and the attenuation Tex of light exiting the print
ith respect to the capturing device geometry. After hav-

ng expressed the print’s internal reflectance Rm and its
nternal transmittance Tin (Section 4), we develop the
omplete expressions of the print’s global reflectance and
ransmittance when the incident light is collimated and
he capturing device is a radiance detector (Section 5). We
lso show how to obtain the corresponding expressions
hen incident light is diffuse and/or when the exiting

ight is captured by an integrating sphere. In Section 6,
e express both the internal and the intrinsic reflectances
nd transmittances of the substrate layer as functions of
he Kubelka–Munk parameters. For this purpose, we ex-
end the Kubelka–Munk model to recto–verso halftone
rints by considering the reflections of light at the colored
nterfaces as boundary conditions of the Kubelka–Munk
ifferential equation system. We also show that the same
xpressions for the internal reflectance and transmit-
ance are obtained by inserting into our multiple
eflection–transmission model the substrate’s intrinsic re-
ectance and transmittance expressed according to the
ubelka–Munk model. In Section 7, we show that in the

ase of a solid colorant print, the Williams–Clapper
odel6 is a special case of our multiple reflection–

ransmission model. In the case of a halftone print, the
lassical Clapper–Yule model5 also becomes a special case
f our model. A method for calibrating the recto–verso re-
ectance and transmittance model is proposed in Section
. An experimental verification of the model is performed
n Section 9. We draw our conclusions in Section 10.

. OPTICS OF AN INTERFACE: BASIC
OTIONS

he Fresnel reflections and transmissions of light at the
rint–air interface are of primary importance in a model
escribing the interaction of light with a print. Different
xpressions describe the reflection and transmission de-
ending on whether the incident light is collimated or dif-
use. We consider the Fresnel reflection and transmission
f a collimated irradiance or radiance as well as of a dif-
use Lambertian irradiance. The developed expressions
re reused in the following sections for colored print–air
nterfaces.

. Reflection and Transmission of Collimated
rradiance

collimated light flux �i flowing within an infinitesimal
olid angle d�0 illuminates an element ds of a flat inter-
ace between a medium m0 of refractive index n0 and a
edium m1 of refractive index n1. In medium m0, the

ight flux propagates along a direction ��0 ,�0�, where �0 is
he polar angle formed with the interface’s normal vector,
nd �0 is the azimuth angle formed with an arbitrary ref-
rence vector of the interface. At the interface, the flux �i
s decomposed into a reflected flux �r=R01��0��i and a
ransmitted flux �t=T01��0��i, where R01��0� and T01��0�
re the Fresnel reflection and transmission coefficients,
iven by the Fresnel formulas as functions of the inci-
ence polar angle �0 and the refractive indices n0 and
1.22

The respective incident, reflected, and transmitted
uxes form with respect to the element of interface ds an

ncident irradiance Ei, a reflected irradiance Er, and a
ransmitted irradiance Et. The reflectance of the interface
s Er /Ei=R01��0� and its transmittance is Et /Ei=T01��0�.

Considering the incident, the reflected, and the trans-
itted fluxes relatively to their respective propagation di-

ections ��0 ,�0�, ��r ,�r�, and ��1 ,�1�, their respective in-
nitesimal solid angles d�0=sin �0d�0d�0, d�r
sin �rd�rd�r, and d�1=sin �1d�1d�1, and the interface
lement ds, we obtain an incident radiance Li��0 ,�0�, a
eflected radiance Lr��0 ,�0�, and a transmitted radiance
t��0 ,�0�. The incident radiance is defined as23

Li��0,�0� =
�i

ds cos �0 sin �0d�0d�0
.

According to Snell’s laws, the azimuth angles of the re-
ected and transmitted radiances are �r=�1=�0+�. The
olar angle of the reflected radiance is �r=�0. The polar
ngle �1 of the transmitted radiance is related to the
ngle �0 by Snell’s refraction law:

n0 sin �0 = n1 sin �1. �4�

he reflected radiance is
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Lr��0,�0� =
R01��0��i

ds cos �0 sin �0d�0d�0
= R01��0�Li��0,�0�.

�5�

he product at the left and at the right of Eq. (4) with the
ifferential of Eq. (4) yields

n0
2 cos �0 sin �0d�0 = n1

2 cos �1 sin �1d�1. �6�

hanks to Eq. (6) and with d�0=d�1, the transmitted ra-
iance, initially defined as

Lt��0,�0� =
T01��0��i

ds cos �1 sin �1d�1d�1
,

an also be expressed as

Lt��0,�0� = �n1/n0�2T01��0�Li��0,�0�. �7�

The term �n1 /n0�2 is characteristic of the transmission
f radiance across an interface from medium m0 to me-
ium m1 and accounts for the change in solid angle and
rojected area due to the refraction.

. Properties of the Fresnel Reflection and Transmission
oefficients
ince the energy is conserved at the interface, the Fresnel
eflection and transmission coefficients R01��0� and
01��0� satisfy the relationship

R01��0� + T01��0� = 1. �8�

We have the same Fresnel transmission coefficient both
or an incident flux from medium m0 with an angle �0 and
or an incident flux from medium m1 with an angle �1 re-
ated to angle �0 by Eq. (4):

T01��0� = T10��1�. �9�

The combination of Eqs. (8) and (9) yields

R01��0� = R10��1�, �10�

R10��1� + T10��1� = 1. �11�

. Reflection and Transmission of Lambertian
rradiance by an Interface
et us now consider that the interface is illuminated by
ambertian irradiance incident from medium m0. A pro-
ortion r01, called diffuse reflectance of the interface, is
eflected by the interface. A proportion t01, called diffuse
ransmittance, is transmitted across the interface. If the
nterface is illuminated by a Lambertian irradiance from

edium m1, the diffuse reflectance and diffuse transmit-
ance are called r10 and t10. We present in detail the cal-
ulation of r01. The other expressions, t01, r10, and t10, can
e obtained by following the same line of reasoning.
Let us call Ei the incident Lambertian irradiance. The

nterface receives from each direction ��0 ,�0� of the hemi-
phere the same radiance Li=Ei /�, contained within the
nfinitesimal solid angle d�0=sin �0d�0d�0. The corre-
ponding element of irradiance dE �� ,� � is
i 0 0
dEi��0,�0� = Li cos �0d�0 =
Ei

�
cos �0 sin �0d�0d�0.

�12�

This element of irradiance dEi��0 ,�0� is reflected by the
nterface in a proportion R01��0� given by the Fresnel for-

ulas. The reflected element of irradiance dEr��0 ,�0� is
herefore

dEr��0,�0� = R01��0�
Ei

�
cos �0 sin �0d�0d�0.

The total reflected irradiance Er is the sum over the
emisphere of the reflected elements of irradiance:

Er =�
�0=0

2� �
�0=0

�/2

R01��0�
Ei

�
cos �0 sin �0d�0d�0. �13�

Since the integrated terms do not depend on �0, the in-
egration according to �0 yields a factor of 2�. After rear-
anging, Eq. (13) becomes

Er = Ei�
�0=0

�/2

R01��0�sin 2�0d�0d�0. �14�

The external diffuse reflectance r01 of the interface,
iven by the ratio Er /Ei, was first presented by Judd24:

r01 =�
�0=0

�/2

R01��0�sin 2�0d�0. �15�

Similarly, the external diffuse transmittance of the in-
erface t01 is

t01 =�
�0=0

�/2

T01��0�sin 2�0d�0. �16�

Equation (8) expresses the conservation of energy at
he interface. By inserting this relation into the integral
f Eq. (16), we may verify that the energy is also con-
erved for a diffuse illumination:

t01 = 1 − r01. �17�

The diffuse reflectance of the interface r10 is

r10 =�
�1=0

�/2

R10��1�sin 2�1d�1, �18�

nd the diffuse transmittance of the interface t10 is

t10 =�
�1=0

�/2

T10��1�sin 2�1d�1 = 1 − r10. �19�

Let us establish the relationship between t01 [Eq. (16)]
nd t10 [Eq. (19)]. According to Eq. (9), T01��0�=T10��1�,
nd according to Eq. (6), n0

2 sin 2�0d�0=n1
2 sin 2�1d�1.

hanks to these equalities, we obtain the relation

t10 = �n0/n1�2t01. �20�

Numerical values of r01, t01, r10, and t10 are given in Ap-
endix A for a relative index of refraction of 1.5. Once the
umerical value of r01 is known, the values of t01, r10, and

can be directly deduced from Eqs. (17), (19), and (20).
10
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. Reflection of Lambertian Irradiance by a Colored
nterface

colored interface, i.e., an interface adjacent to an inked
ayer, illuminated by Lambertian irradiance at the side of
he inked layer has a reflectance r�t� depending on the
nked layer transmittance t. Since the inked layer is non-
cattering, light rays cross the inked layer along straight
ines having a path length and therefore an attenuation
hat depend on their orientation. Thus, the diffuse reflec-
ance of colored interfaces accounts for the attenuation
ithin the inked layer and for the Fresnel reflection at

he interface for each direction of propagation of the inci-
ent light.
The Lambertian irradiance Ei, coming from medium

1, is decomposed into elements of irradiance dEi��1 ,�1�
Eq. (12)]. Each element of irradiance is reflected by the
nterface with a factor of R10��1� and traverses twice, be-
ore and after the reflection, a path of relative length
/cos �1 within the inked layer. According to Beer’s law,
he element of irradiance is attenuated by a factor t2/cos �1,
ith t being the attenuation undergone by the light cross-

ng the inked layer along its normal direction. The re-
ected element of irradiance is

dEr��1,�1� = t2/cos �1R10��1�
Ei

�
cos �1 sin �1d�1d�1.

�21�

We sum up all the reflected elements of irradiance,
ielding the reflected irradiance Er, and carry out the
ame simplifications as for Eq. (14). The resulting expres-
ion for the reflectance of the colored interface, given by
he ratio Er /Ei, has been first introduced by Williams and
lapper6:

r�t� =�
�1=0

�/2

t2/cos �1R10��1�sin 2�1d�1. �22�

In Table 2 (see Appendix A), for a print–air relative re-
ractive index of 1.5, we tabulate numerical values of r�t�
s a function of the colorant layer normal transmittance t.
In halftone patches, the colored interface is composed

f several colorant areas of respective transmittances tk
nd surface coverages ak. In each colorant area, the inter-
al reflectance is r�tk�. Each colorant area contributes to
he total reflectance in proportion to its surface coverage
k. Therefore,

r�t� = �
k

akr�tk� = �
k

ak�
�1=0

�/2

tk
2/cos �1R10��1�sin 2�1d�1.

�23�

In Eq. (23), we ignore the fact that some oblique light
ays, located close to the frontier between two colorants,
ay start their path in a colorant and finish it in a differ-

nt colorant. This phenomenon concerns mainly light rays
riented according to a large angle. However, since the
erm tk

2/cos �1 decreases rapidly toward zero as angle �1 ap-
roaches � /2, and since the colorant areas are large com-
ared with the inked layer’s thickness, we assume that
he contribution of highly inclined light rays internally re-
ected at the frontier between two colorant areas is neg-

igible.

. PENETRATION AND EMERGENCE OF
HE LIGHT ACROSS THE COLORED
NTERFACES
he incident light is attenuated by a factor Tin during its
ath from the air (medium m0 of refractive index n0=1
enoted by subscript 0) to the substrate (medium m1 of
efractive index n1 denoted by the subscript 1). We call
=n1 /n0 the relative refractive index of the interface be-

ween media m0 and m1. The factor Tin depends on the ge-
metry of illumination. We therefore develop an expres-
ion Tin��0� for a collimated illumination at incidence �0

nd an expression Tin
�d� for a diffuse illumination.

Let us first consider a collimated incident light forming
n angle �0 with the normal of the print. A fraction R01��0�
s specularly reflected at the air side of the recto interface.

e ignore this specular reflection since, in most measur-
ng instruments, it can be discarded from the measure-

ents. The rest of the light, i.e., a fraction T01��0�, is
ransmitted across the recto interface with an angle �1 ac-
ording to Snell’s law [Eq. (4)]. It crosses the ink layer of
ormal transmittance t along a path of relative length

	��0� = 1/cos �1 = �1 − �sin �0/n�2�−1/2 �24�

nd therefore undergoes, according to Beer’s law,25 an at-
enuation t	��0� within the inked layer. It then penetrates
he diffusing substrate. The total attenuation factor
in��0� applied to the incident irradiance oriented with an
ngle �0 while passing from the air to the diffusing sub-
trate is

Tin��0� = T01��0�t	��0�. �25�

If the inked layer is composed of several colorants of re-
pective transmittances tk and fractional surface cover-
ges ak, the attenuation factor Tin��0� becomes

Tin��0� = T01��0��
k

aktk
	��0�. �26�

We now consider Lambertian illumination. Let us fol-
ow the same line of reasoning as for the case of an inter-
ace, presented in Section 2 [Eqs. (12)–(15)]. Instead of
onsidering the reflection of the elements of irradiance
Ei��0 ,�0� with a proportion R01��0�, we consider their
ransmission across the interface with a proportion
01��0� and across the inked layer with a proportion t	��0�.
hus, the fraction Tin

�d� of incident irradiance that is trans-
itted across the colored interface has the same expres-

ion as in Eq. (15), where R01��0� is replaced by
01��0�t	��0�:

Tin
�d� =�

�0=0

�/2

T01��0�t	��0� sin 2�0d�0. �27�

Equation (27) can be approximated with excellent accu-
acy by separating the transmission across the interface
nd the transmission across the inked layer. The incident
ambertian irradiance E is first transmitted across the
i
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nterface according to a proportion t01 [Eq. (16)]. The irra-
iance t01Ei crosses the inked layer and is attenuated by a
actor t	. The total attenuation applied to the incident ir-
adiance is therefore approximated as

Tin
�d� � t	t01. �28�

The exponent 	 is obtained numerically, for a given re-
ractive index n, by minimizing the sum of the squared
ifferences between approximation (28) and the exact ex-
ression given in Eq. (27) (see Appendix B). For n=1.5,
he optimal value of 	 is 1.13. The difference between the
xact and the approximated values of Tin is inferior to
.001. Intuitively, 	 represents an average path traversed
y the light in the inked layer.
When the inked layer is composed of several colorants,

f respective transmittances tk and surface coverages ak,
he approximated attenuation factor Tin

�d� becomes

Tin
�d� = t01�

k
aktk

	. �29�

We proceed for the emerging light in the same manner
s for the penetration of the incident light, i.e., we express
he factor Tex relative to the light path from the substrate
o the detector, according to the geometry of observation.
e develop an expression Tex��0�� for the capture of light

y a radiance detector at an angle �0 and an expression

ex
�d� for the capture of light by a integrating sphere.
Let us first consider that the measuring device is a ra-

iance detector, which captures the light exiting the print
ith an angle �0�. In the print, the substrate emits a Lam-
ertian irradiance Ep toward the interface, i.e., a constant
adiance Ep /� in all directions of the hemisphere. Only
he radiance emitted into the particular direction �1�, such
hat n sin �1�=sin �0�, is captured by the radiance detector.
t first crosses the inked layer along a path of relative
ength 1/cos �1�=	��0��, expressed as in Eq. (24), and is at-
enuated by t	��0��. Then the radiance t	��0��Ep /� crosses
he interface. According to Eq. (7) and the fact that this
adiance is transmitted from medium m1 to medium m0,
he transmitted radiance Ld that the detector captures is

Ld = �1/n�2T10��1��t	��0��Ep/�,

here T10��1��=T01��0�� according to Eq. (9). Thus, the frac-
ion Tex��0�� of the irradiance Ep emitted by the substrate
nd captured by the radiance detector at angle �0� is

Tex��0�� =
Ld

Ep
=

T01��0��

�n2 t	��0��, �30�

r, for an inked layer composed of several colorants,

Tex��0�� =
T01��0��

�n2 �
k

aktk
	��0��. �31�

The integrating sphere captures the total emerging ir-
adiance, which corresponds to a fraction Tex

�d� of the irra-
iance Ep emitted by the substrate. Let us decompose the
ncident irradiance Ep into elements of irradiance
E��1� ,�1��. We express their attenuation as a function of
heir orientation ��� ,��� and sum them up to obtain the
1 1
otal emerging irradiance. Since the irradiance Ep emit-
ed by the substrate is Lambertian, the elements of irra-
iance dE��1� ,�1�� are

dE��1�,�1�� =
Ep

�
cos �1� sin �1�d�1�d�1� .

They undergo an attenuation t1/cos �1� in the ink layer
nd are transmitted into the air by a factor of T10��1��. We
um up all the emerging elements of irradiance whose in-
ident direction ��1� ,�1�� belongs to the hemisphere. The
esulting integral yields the emerging irradiance E. As
reviously, the integration according to the azimuth angle
ields a factor of 2�, and the expression 2 cos �1� sin �1� is
eplaced with sin 2�1�. The emerging irradiance is there-
ore

E = Ep�
�1�=0

�/2

t1/cos �1�T10��1��sin 2�1�d�1� . �32�

The ratio E /Ep yields the attenuation Tex
�d� of the diffuse

ight emerging from the substrate into the air:

Tex
�d� =�

�1�=0

�/2

t1/cos �1�T10��1��sin 2�1�d�1� . �33�

Note that when �1� exceeds arcsin�1/n�, the element of
rradiance is totally reflected and T10��1�� is zero. The in-
egration domain in Eq. (32) can therefore be reduced to
0, arcsin�1/n�]. We may also express the terms under the
ntegral as a function of �0�, the angle in the air, instead of

1�, the angle in the print. The term T10��1�� is equal to
01��0��. The term 1/cos �1� was defined as 	��0�� in Eq. (24).
ccording to Eq. (6), sin 2�1�d�1� is equal to

1/n�2sin 2�0�d�0�. The integration domain according to �0�
s �0,� /2� and Eq. (33) becomes

Tex
�d� =

1

n2�
�1�=0

�/2

t	��0��T01��0��sin 2�0�d�0� . �34�

The same approximation that was applied to Eq. (27)
lso applies to Eq. (33), i.e., we consider separately the at-
enuation t	 applied to the Lambertian irradiance in the
nked layer and its transmission across the interface:

Tex
�d� � t	t10, �35�

here t10 is the transmittance of the interface, expressed
n Eq. (19). When the inked layer is composed of several
olorants, of respective transmittances tk and surface cov-
rages ak, the attenuation factor Tex

�d� becomes

Tex
�d� � t10�

k
aktk

	. �36�

Since light can exit the print across both interfaces, we
ave one factor Tex for light exiting at the recto, and an-
ther factor Tex for light exiting at the verso. Their ex-
ressions are given by approximation (35) or (36), with
he surface coverages ak and colorant transmittances tk
elative to, respectively, the colorants printed on the recto
nd on the verso of the print.
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. MULTIPLE INTERNAL REFLECTIONS
ND TRANSMISSIONS BETWEEN
HE PRINT’S INTERFACES
nce the incident light has penetrated the print, and be-

ore it emerges across the recto- or the verso-colored in-
erface, light is scattered multiple times within the sub-
trate (see Fig. 1). At the recto, light may be reflected by
he recto-colored interface (reflectance r1) or by the sub-
trate (intrinsic reflectance �1). At the verso, light may be
eflected by the verso-colored interface (reflectance r2) or
y the substrate (intrinsic reflectance �2). Light may also
e transmitted through the substrate (intrinsic transmit-
ance �). Considering the multiple reflections and trans-
issions occurring within the substrate layer bounded by

he colored interfaces, the fraction of penetrating light
eady to emerge at the recto is Rm, the internal reflec-
ance of the print, and the fraction ready to emerge at the
erso is Tm, the internal transmittance of the print.

The multiple paths followed by light before exiting the
rint are illustrated by the infinite graph of Fig. 2, where
rcs represent interactions of the light with the substrate
reflection or transmission by the substrate layer) and
odes represent interactions with the colored interfaces
internal reflection). At the starting node we have the in-
ident irradiance Wi, which has already crossed the recto-
olored interface. All other nodes of the graph are possible
nding nodes, where light may exit the print. Between the
tarting node and a given ending node, light may follow
ny of the possible paths along the directed arcs of the
raph. Along a given path, an attenuation factor is ap-
lied at each encountered arc and node. Horizontal arcs,
eighted by a factor �1 or �2, represent a reflection by the

ubstrate, respectively, at the recto or verso side. Vertical
rcs, weighted by a factor �, represent a transmission
cross the substrate. Nodes circled with a light line,
eighted by a factor r1, represent an internal reflection at

he recto-colored interface. Nodes circled with a bold line,
eighted by a factor r2, represent an internal reflection at

he verso-colored interface. Horizontal arcs link two nodes
elative to a same interface and vertical arcs link two
odes relative to different interfaces. Thus, in the graph
f Fig. 2, the nodes belonging to the same horizontal line
re relative to the same (recto- or verso-) colored inter-
ace.

ig. 2. Representation of the paths followed by the diffuse light
ithin the print, accounting for the reflections by the substrate

reflectance �1 at the recto side and �2 at the verso side), the
ransmissions by the substrate (transmittance �), and the reflec-
ions at the colored interfaces (reflectance r1 at the recto and r2 at
he verso).
Let us calculate the total internal irradiance Wr that is
eady to emerge at the recto side, which contributes to the
rint’s reflectance, and the total internal irradiance Wt
hat is ready to emerge at the verso side, which contrib-
tes to the print’s transmittance.
We call Wr0 the sum of the irradiances corresponding to

he paths ending at the nodes of the first row:

Wr0 = Wi��1 + r1�1
2 + r1

2�1
3 + . . . � = Wi�1�1 + r1�1 + r1

2�1
2 . . . �.

�37�

Equation (37) contains a geometric series converging
oward 1/ �1−r1�1�. The irradiance Wr0 contributes to the
otal illumination of the recto-colored interface:

Wr0 = Wi

�1

1 − r1�1
. �38�

We call Wr0 the sum of the irradiances corresponding to
he paths ending at the nodes of the second row. Such
aths follow exactly one vertical arc. Let us first consider
he paths following the first vertical arc (leftmost vertical
rc starting at Wi). Once having followed the vertical arc
attenuation factor �), they may continue along the second
ow, each following arc yielding an attenuation factor �2
nd each crossed node yielding an attenuation factor r2.
n analogy with Eqs. (37) and (38), the sum of the corre-
ponding irradiances yields a geometrical series 1/ �1
r2�2�. Therefore, the irradiance corresponding to the
aths following the first vertical arc and ending at the
odes of the second row is Wi� / �1−r2�2�.
We now consider the paths following the second vertical

rc. Prior to following the vertical arc, they follow one
orizontal arc (attenuation factor �1) and cross one node
n the first row (attenuation factor r1). They follow the
ertical arc (attenuation factor �) and then may continue
long the second row [yielding a geometrical series 1/ �1
r2�2�]. These paths contribute to an irradiance
i�1r1� / �1−r2�2�.
By considering all the successive vertical arcs, and by

umming all the resulting irradiances, we obtain for the
econd row a total irradiance Wt0, contributing to the to-
al illumination of the verso-colored interface:

Wt0 = Wi� �

1 − r2�2
+ r1�1

�

1 − r2�2
+ �r1�1�2

�

1 − r2�2
+ . . . 	 .

�39�

After factorizing Eq. (39) by the term � / �1−r2�2�, the
nfinite sum yields a geometric series converging toward
/ �1−r1�1�. The expression of Wt0 thus becomes

Wt0 = Wi

�

�1 − r1�1��1 − r2�2�
.

We call Wr1 the sum of the irradiances corresponding to
he paths ending at the nodes of the third row. This irra-
iance can be derived from the irradiance Wt0 by consid-
ring that, instead of ending at the nodes of the second
ow, the paths cross one additional node on the second
ow (attenuation factor r2), follow one vertical arc (attenu-
tion factor �), and continue along the third row [geo-
etrical series 1/ �1−r � �]. We obtain for the third row a
1 1
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otal irradiance Wr1, contributing to the total illumination
f the recto-colored interface:

Wr1 = Wt0

r2�

�1 − r1�1�
= Wi

r2�2

�1 − r1�1�2�1 − r2�2�
.

We call Wt1 the sum of the irradiances corresponding to
he paths ending at the nodes of the fourth row. As above,
he irradiance Wt1 can be derived from the irradiance Wr1
y considering that, instead of ending at the nodes of the
hird row, the paths cross one additional node on the third
ow (attenuation factor r1), follow one vertical arc (attenu-
tion factor �), and continue along the fourth row [geo-
etrical series 1/ �1−r2�2�]. We obtain for the fourth row a

otal irradiance Wt1, contributing to the total illumination
f the verso-colored interface:

Wt1 = Wi

r1r2�3

�1 − r1�1�2�1 − r2�2�2 .

By considering any of the successive rows, we obtain
he generic expression of the irradiances Wrk contributing
o the illumination of the recto-colored interface,

Wrk = Wi

r1
k−1r2

k�2k

�1 − r1�1�k+1�1 − r2�2�k , k = 1,2 . . . ,

nd the generic expression of the irradiances Wtk contrib-
ting to the illumination of the verso-colored interface,

Wtk = Wi

r1
kr2

k�2k+1

�1 − r1�1�k+1�1 − r2�2�k+1 , k = 0,1,2 . . . .

The total irradiance Wr ready to emerge at the recto is
iven by the sum of the irradiance Wrk, k=0,1,2. . ., yield-
ng a geometric series

Wr = Wi

�1

1 − r1�1
+ Wi

1

r1�1 − r1�1��k=1


 � r1r2�2

�1 − r1�1��1 − r2�2�	k

= Wi� �1

1 − r1�1

+
1

r1�1 − r1�1�
·

r1r2�2

�1 − r1�1��1 − r2�2� − r1r2�2	
= Wi

�1 − r2��2�1 − �2�

�1 − r1�1��1 − r2�2� − r1r2�2 .

Similarly, the total irradiance Wt ready to emerge at
he verso is given by the sum of the irradiance Wtk, k
0,1,2. . ., yielding also a geometric series

Wt = Wi

�

�1 − r1�1��1 − r2�2��k=0


 � r1r2�2

�1 − r1�1��1 − r2�2�	k

= Wi

�

�1 − r1�1��1 − r2�2� − r1r2�2 .

Finally, the print’s internal reflectance Rm obtained ac-
ording to our multiple reflection–transmission model is
iven by the ratio W /W ,
r i
Rm =
�1 − r2��1�2 − �2�

�1 − r1�1��1 − r2�2� − r1r2�2 , �40�

nd the internal transmittance Tm by the ratio Wt /Wi,

Tm =
�

�1 − r1�1��1 − r2�2� − r1r2�2 . �41�

In the case where the print support is composed of a
niform substrate layer, i.e., �1=�2=�, Eqs. (40) and (41)
ecome

Rm =
� − r2��2 − �2�

�1 − r1���1 − r2�� − r1r2�2 , �42�

Tm =
�

�1 − r1���1 − r2�� − r1r2�2 . �43�

We now have expressions for all the components of our
ecto–verso prediction model: Tin (Section 3), Tex (Section
), Rm [Eq. (40)], and Tm [Eq. (41)]. We may therefore ex-
ress the global reflectance and the global transmittance
f a recto–verso print.

. GLOBAL REFLECTANCE AND
RANSMITTANCE OF A HALFTONE PRINT
ccording to the recto–verso model, represented by Eqs.

2) and (3), the global reflectance (transmittance) of a
alftone print comprises the terms representing the pen-
tration of incident light, the print’s internal reflectance
transmittance), and the term representing the emer-
ence of detected light.

Let us consider, for example, a print with a solid ink of
ransmittance t1 on the recto and a solid ink of transmit-
ance t2 on the verso. The internal reflectance of the recto-
nd the verso-colored interfaces are, respectively, r1
r�t1� and r2=r�t2�, with function r expressed by Eq. (22).
e consider a measuring geometry where collimated light

s incident at an angle �0 and reflected light is captured
y a radiance detector at an angle �0�. The term Tin��0�
orresponding to the penetration of the collimated inci-
ent light is given by Eq. (25). The term Tex��0�� corre-
ponding to the emergence of light toward the radiance
etector at the recto is given by Eq. (30) with t= t1. An-
ther radiance detector captures the light emerging at the
erso at an angle �0�. The corresponding term Tex��0�� is
iven by Eq. (30) with t= t2.

We derive from Eq. (2) a specific expression for the glo-
al reflectance R of the print composed of a solid ink on
he recto and a solid ink on the verso for a collimated il-
umination at angle �0, a radiance detector at angle �0�,
nd for light penetrating and emerging through the recto-
olored interface:

R = Tin��0�Tex��0��Rm

= T01��0�
T01��0��

�n2 t1
	��0�+	��0��

�
�1 − r�t2���1�2 − �2�

�1 − r�t �� ��1 − r�t �� � − r�t �r�t ��2 . �44�

1 1 2 2 1 2
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The print’s global transmittance T is derived from Eq.
3) for light penetrating through the recto-colored inter-
ace and emerging through the verso-colored interface:

T = Tin��0�Tex��0��Tm

= T01��0�
T01��0��

�n2 t1
	��0�t2

	��0��

�
�

�1 − r�t1��1��1 − r�t2��2� − r�t1�r�t2��2 . �45�

Other specific expressions of R and T are obtained for a
iffuse illumination or when the emerging light is cap-
ured with an integrating sphere. The terms Tin and Tex
re given, respectively, by Eqs. (28) and (35). If a halftone
olor is printed on the recto and/or the verso, the inked
ayer is composed of several colorants of respective trans-

ittances tk and surface coverages ak. The expression of
in is specified by Eq. (26) for a collimated illumination, or
pproximation (29) for a diffuse illumination. The expres-
ion of Tex is specified by Eq. (31) for a radiance detector,
r approximation (36) for an integrating sphere. The in-
ernal reflectances r1 and r2 of the colored interfaces are
xpressed according to Eq. (23).

Note that 45°/0° photospectrometers measure reflec-
ance factors, which are defined with respect to a refer-
nce white Lambertian diffuser of reflectance 1 �� , i.e., it
s the reflectance of Eq. (44) multiplied by a factor �. The
ame applies to transmission factors measured with
hotospectrometers at an angle of 0°.

. INTERNAL REFLECTANCE AND
RANSMITTANCE OF THE PRINT:
UBELKA–MUNK THEORY EXTENDED TO
ECTO–VERSO HALFTONE PRINTS
he internal reflectance Rm and transmittance Tm of a
ecto–verso halftone print can also be obtained by describ-
ng the light scattering within the substrate layer thanks
o the Kubelka–Munk theory. Light scattering is de-
cribed by a system of differential equations whose solu-
ions represent the irradiance propagating upwards and
he irradiance propagating downwards as functions of the
epth within the substrate layer. The reflectance of the
ubstrate is the ratio of the upward irradiance at the
epth 0 (recto substrate layer boundary) to the incident
rradiance. Its transmittance is the ratio of the downward
rradiance at the depth h (the verso substrate layer
oundary) to the incident irradiance.
The original Kubelka–Munk model was formulated for

iffusing layers bounded at the verso by a reflecting
ackground.7 The internal reflection of light at the recto
nterface, i.e., the interface between the substrate and the
ir, was ignored. Saunderson introduced a correction that
ccounts for the light reflection at the recto interface.9

he classical methods used to solve the Kubelka–Munk
ifferential equation system require the introduction of
oundary conditions. In the present contribution, we rely
n the Laplace transform to calculate very simply the
eneral solutions of the Kubelka–Munk differential equa-
ion system independently of the boundary conditions (see
ppendix C).
We then specify the boundary conditions according to
he optical elements bounding the scattering layer. The
oundary conditions yield one relation between the up-
ard and the downward irradiances at depth 0 and a sec-
nd relation at depth h. We insert these relations into the
eneral solutions of the differential equation system, and
erive the irradiances reflected and transmitted by the
cattering layer and its boundaries. This yields the inter-
al reflectance and the internal transmittance of the
ounded scattering layer. In Appendix D, we consider the
ase where the scattering layer is bounded with reflectors
t its two sides. The original Kubelka–Munk expressions
or the reflectance of a layer superposed on top of a back-
round and the Saunderson correction are derived in Ap-
endix E as special cases of the expressions of our new
ormulation of the Kubelka–Munk model.

In the present section, we apply the Kubelka–Munk
odel extended with recto and verso reflectors to the spe-

ific case where the reflectors are interfaces colored with
alftone inks. By establishing the relation between the
arameters of our multiple reflection–transmission model
nd those of the Kubelka–Munk model, we show that
oth approaches are equivalent. The respective advan-
ages of the two approaches are presented at the end of
his section.

. Kubelka–Munk Differential Equations
he substrate is characterized by a wavelength-
ependent absorption coefficient K��� and a wavelength-
ependent scattering coefficient S���. The printing sup-
ort is a substrate layer of thickness h. In this layer, a
iffuse irradiance ir propagates upwards and a diffuse ir-
adiance it propagates downwards. Both ir and it are func-
ions of the depth x within the substrate layer. The depth

corresponds to the substrate layer’s boundary that re-
eives the incident irradiance I0 (Fig. 3). The depth h cor-
esponds to the other substrate layer’s boundary.

Let us consider a certain depth x within the substrate
ayer. Between the depths x and x+dx, the downward ir-
adiance it loses a fraction K dx of its irradiance through
bsorption and a fraction S dx due to backscattering. It
eceives a fraction S dx of the backscattered upward irra-
iance ir. We have

it�x + dx� = it�x� − �K + S�it�x�dx + Sir�x�dx. �46�

Between the depths x and x−dx, the upward irradiance
r loses a fraction K dx of its irradiance and a fraction S dx

ig. 3. Upward and downward irradiances crossing a sublayer
f thickness dx at a depth x in the substrate layer.
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ue to backscattering. It receives a fraction S dx of the
ackscattered downward irradiance it. We have

ir�x − dx� = ir�x� − �K + S�ir�x�dx + Sit�x�dx. �47�

According to the definition of the derivative

d

dx
i =

i�x� − i�x − dx�

dx
=

i�x + dx� − i�x�

dx
,

e rearrange Eqs. (46) and (47) and obtain the Kubelka–
unk differential equation system

d

dx
ir�x� = �K + S�ir�x� − Sit�x�,

d

dx
it�x� = Sir�x� − �K + S�it�x�. �48�

The general solutions ir�x� and it�x� of the differential
quation system (48) can be determined by applying the
aplace transform without having to introduce boundary
onditions. The Laplace transform enables us to convert
he differential equation system into a linear equation
ystem (Appendix C).

. Internal Reflectance and Transmittance of the Print
he print’s internal reflectance Rm and transmittance Tm
re the ratios of the exiting irradiances ir�0� and it�h�, re-
pectively, to the incident irradiance I0. To obtain ir�0�
nd it�h�, we introduce boundary conditions with respect
o the reflectors that bound the substrate layer at x=0
nd x=h. In Appendix D, we consider that the substrate
ayer is bounded at x=0 by a reflector of reflectance r0 and
t x=h by a reflector of reflectance rh. We obtain an ex-
ression for ir�0� and it�h� and derive both the internal re-
ectance Rb [Eq. (D7)] and the internal transmittance Tb
Eq. (D8)] of the bounded substrate layer.

In the present case, the reflectors are the recto and the
erso interfaces incorporating each one their respective
nked layers. At x=0, the recto colored interface has a re-
ectance r1 [Eq. (23)]. At x=h, the verso colored interface
as a reflectance r2. The print’s internal reflectance Rm
nd transmittance Tm are identical to the expressions of
b and Tb [Appendix D, Eqs. (D7) and (D8)], with r0=r1
nd rh=r2:

Rm =
�1 − ar2�sinh + br2 cosh�bSh�

�a − r1 − r2 + ar1r2�sinh�bSh� + b�1 − r1r2�cosh�bSh�
,

�49�

Tm =
b

�a − r1 − r2 + ar1r2�sinh�bSh� + b�1 − r1r2�cosh�bSh�
,

�50�

ith

a =
K + S

S
, b = − 
a2 − 1.
. Intrinsic Reflectance and Transmittance of the
ubstrate Layer
et us express the intrinsic reflectance � and transmit-

ance � of the substrate layer. We consider the substrate
ayer as a print that is not bounded by any reflector. The
eflectance and the transmittance of the print without re-
ectors are given by Eqs. (D7) and (D8) with r0=rh=0:

� =
sinh�bSh�

b cosh�bSh� + a sinh�bSh�
, �51�

� =
b

b cosh�bSh� + a sinh�bSh�
. �52�

These expressions are identical to the expressions de-
ived by Kubelka.7

. Comparison between our Model and the
ubelka–Munk Model Extended to Recto–Verso Halftone
rints
he print’s internal reflectance Rm and transmittance Tm
ave been expressed, for a symmetric printing support,
ith the multiple reflection–transmission model in Eqs.

42) and (43). The substrate was characterized by its in-
rinsic reflectance � and its intrinsic transmittance �. In
qs. (51) and (52), we express � and � according to the
ubelka–Munk model as functions of the absorption coef-
cient K, the scattering coefficient S, and the substrate

ayer thickness h. Let us replace in Eqs. (42) and (43) �
nd � by their expressions given in Eqs. (51) and (52). We
btain the same expressions for the internal reflectance
m and the internal transmittance Tm as the ones ob-

ained in Eqs. (49) and (50) with the extended Kubelka–
unk model. This shows the equivalence between our
ultiple reflection–transmission model and the extension

f Kubelka–Munk’s model to a scattering layer bounded
y two colored interfaces.
Both models assume that the substrate is a strongly

cattering medium. In the case of halftone prints, they
lso assume that the lateral propagation of light within
he substrate is large with respect to the screen element
eriod, i.e., the attenuation of light traversing an inked
ayer is proportional to the sum of the colorant transmit-
ances weighted by their surface coverages.

However, in contrast to the Kubelka–Munk model, the
ultiple reflection–transmission model is capable of pre-

icting reflectances and transmittances for nonsymmetric
rinting supports, or for complex multilayer supports.
he model may be applied to a print support composed of
everal superposed layers, comprising at the center non-
cattering or weekly scattering layers. The only condition
s that the exterior layers are strongly scattering, ensur-
ng that light is completely diffused as soon as it pen-
trates the support and that the print’s interfaces with
he air are illuminated from their print side by Lamber-
ian irradiance. The recto intrinsic reflectance, the verso
ntrinsic reflectance, and the intrinsic transmittance of
he substrate can be deduced from spectral measure-
ents.
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. RELATION TO THE WILLIAMS–CLAPPER
ND THE CLAPPER–YULE MODELS

he Williams–Clapper model enables us to predict the re-
ectance of a nonscattering solid colorant layer super-
osed on a diffusing background6 of the same refractive
ndex. The background is composed of a substrate of re-
ectance �B. The original Williams–Clapper model relying
n collimated 45° illumination and 0° radiance capture
as extended to any illuminating and capturing
eometries.26,27

Let us consider a colorant layer of normal transmit-
ance t (attenuation of a light ray crossing the colorant
ayer along its normal direction), a collimated illumina-
ion at an angle �0, and a radiance detector at an angle �0�.
he reflectance is expressed according to the extended
illiams–Clapper model [Ref. 27, Eq. (44)] as

RWC = T01��0�
T01��0��

�n2

�Bt1/cos �0t1/cos �0�

1 − �Br�t�
, �53�

here r�t� is the diffuse reflectance of the colored inter-
ace [Eq. (22)]. Note that in the Williams–Clapper model,
he reflectance factor is defined with respect to a refer-
nce white perfect diffuser of reflectance 1/�, i.e., it is the
eflectance multiplied by a factor �.

Let us establish the relation between the substrate re-
ectance �B of the Williams–Clapper model and the sub-
trate’s intrinsic parameters of our multiple reflection–
ransmission model (recto intrinsic reflectance �1, verso
ntrinsic reflectance �2, and intrinsic transmittance �).
bviously, if the substrate layer is perfectly opaque, no

ight can reach the verso. If the substrate has no verso in-
erface, the light crossing the substrate exits at the verso
nd does not contribute to the substrate reflectance �B, as
f its intrinsic transmittance would be �=0. In that case,
he substrate reflectance �B is equal to its recto intrinsic
eflectance �1, i.e., �B=�1. On the contrary, if the sub-
trate has a verso interface, the light transmitted across
he substrate may be reflected at this interface, cross the
ubstrate again, and contribute to the substrate reflec-
ance �B. To establish the relation among �B, �1, �2, and �,
e consider a downward incident irradiance Wi initially

ocated just beneath the recto interface. We describe the
nteraction of this irradiance with the grounded sub-
trate, i.e., with the substrate and its verso, and calculate
he total irradiance Wr that eventually reaches the recto
nterface. The verso part of the grounded substrate has a
eflectance r2. It is either the verso interface alone, of re-
ectance r2=r10, or a colored interface of reflectance r2
r�t2�, t2 being the normal transmittance of the verso

nked layer (Section 4).
Figure 4(b) describes the interaction of the incident ir-

adiance Wi with the substrate and the verso. A fraction
1 of Wi is directly reflected by the substrate without
eaching the verso. A fraction � of Wi crosses the interface
nd reaches the verso where a fraction r2 is reflected. The
eflected irradiance �r2Wi either crosses the substrate
ack to the recto within a proportion � or undergoes sev-
ral reflections between the substrate (intrinsic reflec-
ance � ) and the verso-colored interface (reflectance r )
2 2
efore crossing the substrate toward the recto. The total
rradiance Wr reaching the recto is

Wr = �1Wi + �2r2Wi�1 + r2�2 + r2
2�2

2 + . . . �.

The infinite sum forms a geometric series converging
oward 1/ �1−r2�2�. The reflected irradiance becomes

Wr = ��1 +
r2�2

1 − r2�2
�Wi,

nd the grounded substrate reflectance �B is

�B =
Wr

Wi
= �1 +

r2�2

1 − r2�2
. �54�

The same expression for �B would be given by Kubel-
a’s multilayer model [Ref. 8, Eq. (10)] if r2 was the reflec-
ance of a second scattering layer of the same refractive
ndex.

In the Williams–Clapper reflectance expression [Eq.
53)], we replace the reflectance of the grounded substrate
ayer �B by its expanded expression [Eq. (54)] and obtain

RWC = T01��0�
T01��0��

�n2 t1/cos �0tt/cos �0�

�
�1 − r2��1�2 − �2�

�1 − r�t��1��1 − �2r2� − r�t�r2�2 . �55�

This is the same expression as the one derived accord-
ng to our recto–verso model [Eq. (44)]. Therefore, the

illiams–Clapper model is a particular embodiment of
ur recto–verso model where the Williams–Clapper sub-
trate reflectance �B accounts for the multiple internal re-
ections between the substrate and the verso paper side.
Another classical model, the Clapper–Yule model, pre-

icts the reflectance of halftone prints when the lateral
ropagation of light within the substrate is large with re-
pect to the screen element period.5,27 Both the Clapper–
ule model and our recto–verso model rely on the same
ssumptions regarding the lateral propagation of light
ithin the substrate and the uniform thickness of the ink.
s in the Williams–Clapper model, the printing support is
background of reflectance � . The reflectance R of a

ig. 4. (a) Grounded substrate reflectance �B, as defined in the
illiams–Clapper model, is the ratio between the irradiance Wr

eflected by the substrate bounded on its verso and the incident
rradiance Wi. (b) The reflected irradiance Wr can be expressed as
function of the substrate’s intrinsic reflectances (�1 at the recto

ide, �2 at the verso side) and its intrinsic transmittance � by tak-
ng into account the multiple internal reflections at the verso in-
erface (reflectance r2).
B CY
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rint illuminated under an angle �0 and observed by a ra-
iance detector under an angle �0� is, according to the
lapper–Yule model [Ref. 27, Eq. (59)],

RCY = T01��0�
T01��0��

�n2

�B�� aktk�2

1 − �Br10 � aktk
2
. �56�

Equation (56) can be decomposed into a light penetra-
ion attenuation Tin, an internal reflectance Rm, and a
ight emergence attenuation Tex, as in Eq. (2), with

Tin = T01��0� � aktk, �57�

Tex =
T01��0��

�n2 � aktk, �58�

Rm =
�B

1 − �Br10 � aktk
2
. �59�

In contrast to the Williams–Clapper model and to our
ecto–verso model, the Clapper–Yule model ignores the
act that the incident and emerging light may follow an
blique path within the inked layers.27 Therefore, the ex-
onents 	��0� and 	��0�� applied to the ink transmittance

k are ignored in Eqs. (57) and (58).
In Eq. (59) let us replace r10�aktk

2 by r1 and the back-
round reflectance �B by Eq. (54). The print’s internal re-
ectance becomes

Rm =
�1�1 − �2r2� + r2�2

�1 − �2r2� − ��1 − �2r2��1 + r2�2�

=
�1 − r2��1�2 − �2�

�1 − r1�1��1 − r2�2� − r1r2�2 . �60�

The print’s internal reflectance Rm obtained according
o our model [Eq. (40)] and according to the Clapper–Yule
odel [Eq. (60)] have a similar expression. A small differ-

nce exists between the two models in the detailed ex-
ression of r1. The expression r10�aktk

2 used in the
lapper–Yule model is an approximation of Eq. (23) used

n our model. The Clapper–Yule model, for a given colo-
ant of transmittance tk, makes implicitly the following
pproximation27:

r�tk� � r10tk
2, �61�

.e.,

�
�=0

�/2

tk
t/cos �R10���sin 2�d� � tk

2�
�=0

�/2

R10���sin 2�d�.

In contrast to our recto–verso model, the Williams–
lapper and the Clapper–Yule models include the reflect-

ng properties of the verso (reflections at the verso-colored
nterface and absorption within a verso inked layer) into
he grounded substrate reflectance �B. Each time a new
olor is printed at the verso, parameter �B has to be mea-
ured again. These classical models are therefore reflec-
ance models for recto-only prints. In contrast to the
illiams–Clapper and the Clapper–Yule models, our
odel is a reflectance and transmittance recto–verso
rint prediction model. We can predict the print’s reflec-
ance spectrum for any combination of recto–verso colors
y measuring and deducing the recto and verso intrinsic
eflectances �1 and �2 as well as the intrinsic transmit-
ance � only once.

. CALIBRATING THE RECTO–VERSO
EFLECTANCE AND TRANSMITTANCE
ODEL

o predict the reflectance and transmittance spectrum of
ecto–verso halftone prints, we first calibrate the model
y calculating all the parameters characterizing the se-
ected printing support and the selected inks: the recto
nd verso intrinsic reflectances �1��� and �2��� of the sub-
trate layer, its intrinsic transmittance ����, the transmit-
ance ti��� of the colorants, and the surface coverage a of
ach colorant on the recto and on the verso. The colorants
ffective surface coverages are estimated as functions of
he nominal surface coverages.14 The parameters are cal-
ulated thanks to reflectance and transmittance measure-
ents performed on calibration samples. We assume that

he incident light is collimated and oriented, with an in-
idence angle �0. The emerging light is also captured in a
ingle direction with an angle �0� for the reflectance and �0�
or the transmittance. In the present contribution, we
onsider halftone patches printed with a single color ink,
.g., cyan, magenta, or yellow. However, by applying the
emichel equations28 and by taking into account ink

preading that occurs when an ink halftone is printed on
op of another ink,14 we may apply the model to polychro-
atic halftones.
The first calibration sample corresponds to an un-

rinted area of the printing support. We measure its re-
ectance R1���, whose expression is given by Eq. (44),
ith t=1 [the reflectance of the interfaces r�t� becomes

10]. We also measure the transmittance T��� of that
ample, given by Eq. (45) with t=1. Then we measure the
eflectance R2��� of the same sample upside down whose
xpression is the same as R1���, but with inverted intrin-
ic reflectances �1 and �2. These measurements allow us
o deduce the spectral intrinsic reflectances �1 and �2 and
he spectral intrinsic transmittance � by solving numeri-
ally the system of Eqs. (62) for each wavelength:

R1 = T01��0�
T01��0��

�n2

�1 − r10��1�2 − �2�

�1 − r10�1��1 − r10�2� − �r10��2 ,

R2 = T01��0�
T01��0��

�n2

�2 − r10��1�2 − �2�

�1 − r10�1��1 − r10�2� − �r10��2 ,

T = T01��0�
T01��0��

�n2

�

�1 − r10�1��1 − r10�2� − ��10��2 .

�62�

The terms T01��0�, T01��0��, and r10 are known since they
epend only on the print’s relative refractive index n,
ypically equal to 1.5 for a print in contact with air (see
ppendix A).
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To deduce solid ink transmittances, we now consider a
alibration sample covered on the recto with a single solid
nk layer. We measure its reflectance and its transmit-
ance. Their expressions are given, respectively, by Eqs.
44) and (45), with t being the transmittance of the solid
nk layer, with r2=r10 being the diffuse reflectance of the
erso interface and with r�t� being the diffuse reflectance
f the recto-colored interface, expressed by Eq. (22) and
abulated in Table 2 (see Appendix A). We obtain

= T01��0�
T01��0��

�n2 t	��0�+	��0��
�1 − r10��1�2 − �2�

�1 − r�t��1��1 − r10�2� − r10r�t��2 ,

�63�

= T01��0�
T01��0��

�n2 t	��0�
�

�1 − r�t��1��1 − r10�2� − r10r�t��2 .

�64�

We assume that the exponent function 	��� has been
valuated numerically (see Appendix B). Since �1, �2, and
have also been deduced from Eqs. (62), Eqs. (63) and

64) depend only on the ink transmittance t, which can be
omputed numerically for each wavelength. We obtain
ne spectral ink transmittance from the measure of re-
ectance and another one from the measure of transmit-
ance. In theory, these two ink transmittance spectra
hould be equal.

By repeating this procedure for each ink, and for each
ombination of two and three superposed solid inks, we
btain the spectral transmittances tc , tm , ty , tr , tg , tb , tk of
he respective colorants cyan, magenta, yellow, red, green,
lue, and black. The transmittance of the colorants
rinted on the verso are evaluated separately by following
he same procedure as above.

In exceptional cases, inks and substrate surfaces are
dentical on the recto and verso side of the print, yielding
dentical colorant transmittances. In practice, however,
e observe a small difference between the ink transmit-

ance spectra derived from the measure of the print re-
ectance and the measure of the print transmittance.
ince our model assumes that the inks are nonscattering,
he difference may originate from the backscattering of
ight within the inked layers.

We now consider single ink halftone patches printed at
ifferent nominal surface coverages a, e.g., 25%, 50%,
5%. The inked layer is composed of two colorants: The
rst colorant corresponds to the ink (transmittance t) and
he second one corresponds to the paper white, i.e., no ink
transmittance 1 and coverage 1−a). Because of the ink
preading phenomenon (mechanical dot gain), the physi-
al surface coverage a of an ink halftone differs from its
ominal coverage. We measure the reflectance and the
ransmittance of each patch. Their expressions are given
y Eqs. (2) and (3), with the following expressions for the
ttenuation factor Tin of the penetrating light, for the at-
enuation factor Tex of the emerging light, and for the
rint’s internal reflectance Rm and internal transmittance

:
m
• Tin is expressed according to Eq. (26) with the two
olorants paper white and ink:

Tin = T01��0��1 − a + at	��0��.

• For the print reflectance, since light emerges across
he colored recto interface, Tex derives from Eq. (31), with
he two colorants paper white and ink:

Tex =
T01��0��

�n2 �1 − a + at	��0���.

• For the print transmittance, since light emerges
cross the unprinted verso interface, Tex derives from Eq.
30) with t=1:

Tex� =
T01��0��

�n2 .

• Rm and Tm are expressed by Eqs. (40) and (41), where
he diffuse reflectance of the verso interface is r2=r10, and
here the diffuse reflectance of the recto-colored interface

1 derives from Eq. (23) with the two colorants paper
hite and ink:

r1 = �1 − a�r10 + ar�t�,

here r10 is the diffuse reflectance of the paper white col-
red interface surface part and r�t� is the diffuse reflec-
ance of the ink colored interface surface part [Eq. (22)].

From the reflectance expression or from the transmit-
ance expression we fit the unknown physical coverage a
y minimizing the sum of square differences between the
easured and the predicted spectra. For each ink, we ob-

ain a table of correspondence between the nominal and
he effective surface coverages. Thanks to linear interpo-
ation, tabulated values are converted to a continuous
urve. Nominal to effective surface coverage curves are
lso calculated for the inks printed on the verso.

. EXPERIMENTAL VERIFICATION
e have tested the reflectance and transmittance predic-

ion model on recto–verso halftone patches printed at 180
ines per inch with an offset proofing press. The patches
ere printed on white polyvinyl chloride sheets (titanium
xide pigments). This printing support has perfectly flat
nterfaces, is not fluorescent, does not allow the inks to
enetrate the substrate, and has a refractive index of
.54. It thus satisfies the properties required to apply the
ecto–verso reflectance and transmittance prediction
odel.
Since the print is assumed to be only in contact with

he air, we raised the printing support a few centimeters
bove the table.
The model was calibrated from transmittance measure-
ents according to the method presented in Section 8.
ince the recto and the verso have been printed during
ifferent offset print passes, respective ink thicknesses
nd surface coverages are slightly different between the
ecto and the verso. We therefore calibrate separately the
ecto and the verso inked layers. The parameters of the
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ecto inked layer are calculated from patches printed on
he recto only (unprinted verso), and those of the verso
nked layer are calculated from patches printed on the
erso only (unprinted recto). We predict the transmit-
ance spectra of recto–verso patches. The difference be-
ween the predicted and the measured spectra (Table 1) is
xpressed according to the CIELAB 
E94 color difference
ormulas.30

The mean difference between measured transmission
pectra and transmission spectra predicted according to
he recto–verso model is 
E94=1.3. As can be seen from
able 1, more than 95% of the predicted transmittance
pectra have a 
E94 prediction error of less than 2.5,
hich corresponds to the normal offset printing accuracy.
his experiment shows that the prediction accuracy
hat is achieved by the proposed model is similar to the
rediction accuracy of reflection spectra that is achieved
y the classical Clapper–Yule model14 for recto-only offset
rints.

0. CONCLUSIONS
e present a new model enabling us to predict both the

eflectance and the transmittance of recto–verso halftone
rints. Both sides of the print are allowed to be printed
ith different solid or halftone inks. The model assumes

hat light propagation within the print is important with
espect to the halftone screen period. The model com-
rises three independent components. The two compo-
ents describing the attenuation of incident and exiting

ight take into account the Fresnel transmission across
he interface and the absorption by the inked layer,
ccording to, respectively, the geometry of illumination
nd the geometry of light detection. We consider the cases
f collimated and of perfectly diffuse illumination. With
espect to light detection, we consider the cases of the in-
egrating sphere and of the radiance detector. The third
odel component, which is independent of the illumina-

Table 1. Difference in �E94 between Pred

Inked La

Rectob C M Y R

C 0.5 1.2 2.8 0.6
M 2.2 1.2 0.9 0.9
Y 1.0 0.7 0.5 0.8
R 2.3 0.8 0.4 0.7
G 0.5 0.5 2.6 0.7
B 2.1 1.0 0.2 1.8
K 2.0 1.6 0.4 1.5

C25 0.6 2.3 0.7 2.0
C50 0.5 2.0 1.6 1.9
C75 0.2 2.0 1.7 1.6

Averagec 1.2 1.3 1.2 1.3

aFor offset inks printed on a polyvinyl chloride substrate. Differences between tr
bC stands for cyan solid inked layer; M for magenta; Y for yellow; R for superp

ielding the green colorant; B for solid cyan and magenta yielding the blue colorant;
50, and C75 stand for cyan halftones of respective nominal surface coverage 0.25,

cAverage of the 
E94 values of the corresponding column or row in the table.
ion and detection conditions, accounts for the multiple
nternal reflections between the interfaces and the diffus-
ng substrate, as well as for the multiple transmissions
rom one interface to the other across the substrate. This
hird model component yields one expression for the
ecto–verso halftone print internal reflectance and one ex-
ression for its internal transmittance.
Both the internal reflectance and the internal trans-
ittance can also be obtained by extending the Kubelka–
unk model to recto–verso inked interfaces. We establish
relationship between the internal reflectance and

ransmittance of our model and Kubelka–Munk’s
cattering and absorption parameters. By deducing
he internal reflectance or transmittance of our
odel from spectral measurements, one may easily

ompute the corresponding Kubelka–Munk scattering
nd absorption parameters. The recto–verso reflectance
nd transmittance model is, however, more general
han the Kubelka–Munk model, since it does not
ssume a homogeneous scattering substrate. The only
ondition is that the exterior layers are strongly scatter-
ng, ensuring that light is completely diffuse when pen-
trating or emerging from the substrate. Both the recto
ntrinsic reflectance and the verso intrinsic reflectance,
nd therefore the corresponding internal reflectance, can
e easily deduced from spectral reflectance measure-
ents carried out on the two sides of the recto–verso

rint.
Since the proposed reflectance and transmittance
odel supports the classical Williams–Clapper and the
lapper–Yule models as special cases and since it encom-
asses the extended Kubelka–Munk model, it provides a
nified model for scattering substrates with inked inter-
aces. Such a unified model offers new perspectives both
or spectral reflection and transmission predictions and
or characterizing the properties of both color halftone
rints and scattering materials painted with nonscatter-
ng inks.

and Measured Transmittance Spectra a

Versob

G B K C50 Averagec

1.3 0.6 1.6 1.5 1.3
1.3 0.9 1.6 0.9 1.2
0.9 0.3 1.6 1.3 0.9
1.5 1.1 1.4 0.4 1.1
0.8 0.4 3.3 2.3 1.4
1.6 1.2 1.1 1.4 1.3
0.7 1.5 1.4 1.7 1.4
2.3 0.7 1.7 0.7 1.4
2.0 1.1 2.5 0.8 1.6
1.5 0.7 1.5 0.5 1.2
1.4 0.9 1.8 1.2 1.3

nce spectra are expressed as CIELAB 
E94 values.

genta and yellow solid inks yielding the red colorant; G for solid yellow and cyan
e superposed cyan, magenta, and yellow solid inks, yielding the black colorant. C25,

0.75.
icted

yer on

ansmitta

osed ma
K for th
0.5, and
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PPENDIX A: NUMERICAL EVALUATIONS
F FRESNEL REFLECTANCES AND
RANSMITTANCES
he fractions of incident light reflected and transmitted
y a print–air interface depend on the relative index of re-
raction of the interface, the side on which the light is in-
ident, and on the angular distribution of the incident
ight. Most printing supports have a refractive index very
lose to n1=1.5. The refractive index of the air n0 is equal
o 1. We give here the numerical values of the reflectance
nd transmittance of a print–air interface whose relative
ndex of refraction is n1 /n0=1.5.

Let us first consider that the incident light is colli-
ated. The reflectance and the transmittance of the in-

erface are given by the Fresnel coefficients. According to
he notations introduced in Section 2, the reflectance and
he transmittance of the interface illuminated from the
ir under an incidence �0 are, respectively, R01��0� and
01��0�=1−R01��0�. In the 45° /0° measuring geometry,

he collimated incident light reaches the interface from
he air side at angle of 45°. For an interface having a rela-
ive index of refraction of 1.5, we have R01��0�=0.05 and
herefore T01��0�=0.95.

When the incident light illuminates the print side of
he interface under an incidence �1, the interface’s reflec-
ance and transmittance are, respectively, R10��1� and
10��1�=1−R10��1�. Calling �1� the angle of emergence of

he light into the air, related with �1 according to Snell’s
efraction law, the transmittance of the interface is also
10��1��=T01��1�. In the 45° /0° measuring geometry, the
etector captures the light emerging into the air perpen-
icularly to the print ��1=�1�=0° �. For a relative index of
efraction of 1.5, we have R10�0° �=0.04 and therefore
10��1�=0.96.
When the incident light is Lambertian, the interface’s

eflectance and transmittance are, respectively, r01 [Eq.
15)] and t01 [Eq. (16)] for an illumination at the air side
nd r10 [Eq. (18)] and t10 [Eq. (19)] for an illumination at
he print side. According to Eqs. (17), (19), and (20), we
ave t01=1−r01, t10=1−r10, and t10= �n0 /n1�2t01. For a
elative index of refraction of 1.5, we have r01=0.092, t01
0.908, r10=0.596, and t10=0.404. For other refractive in-
ices, evaluation tables of r01 and r10 have been published
y Judd.24 The diffuse reflectance of a colored interface is
function of the transmittance t of the colorant layer. It is

xpressed by Eq. (22). Table 2 gives numerical values of
�t� as a function of t for a print–air relative refractive in-
ex of 1.5. A linear interpolation of these values provides
good approximation of the exact function r�t�.

Table 2. Diffuse Reflectance of Colored Interfacesa

t r�t� t r�t� t r�t�

0 0 0.5 0.047 0.83 0.272
0.15 0.001 0.55 0.065 0.87 0.327
0.25 0.006 0.6 0.086 0.9 0.374
0.3 0.01 0.65 0.113 0.93 0.429
0.35 0.016 0.7 0.146 0.95 0.47
0.4 0.023 0.75 0.187 0.97 0.516
0.45 0.034 0.8 0.237 1 0.596

aAs a function of ink normal transmittance t for a relative refractive index of 1.5.
PPENDIX B: AVERAGE PATH �
RAVERSED BY THE DIFFUSE INCIDENT
IGHT IN THE INKED LAYER

ncident diffuse light crossing a colored interface is at-
enuated by the factor Tin expressed in Section 3 [Eq.
27)]. In approximation (28), we propose a simplified ex-
ression where the coefficient 	 represents the average
ath traversed by the light within the inked layer. The
pproximation is

Tin =�
�=0

�/2

T01���t	��� sin 2�d� � t	�
�=0

�/2

T01���sin 2�d�,

�B1�

here the function 	��� is given by Eq. (24), with t being
he normal transmittance of the ink layer.

On the left side of Eq. (B1), the exact expression of Tin
epends on the Fresnel coefficient T01���, which is a func-
ion of the relative refractive index n=n1 /n0 of the print–
ir interface and on the transmittance t of the inked layer
t normal incidence. On the right side, the expression of
in is decomposed into a term t	 depending only on the

nk transmittance, and an integral, equal to the external
ransmittance of the interface t01 [Eq. (16)], depending
nly on the relative refractive index of the print–air inter-
ace. Typically, the print–air interface has a relative re-
ractive index of 1.5 and t01 is equal to 0.9 for diffuse in-
ident light.

The exponent 	 applied to the ink transmittance is a
onstant corresponding to the average oblique path tra-
ersed by the diffuse light within the inked layer. If the
rradiance crossing the inked layer would have been Lam-
ertian, all the oblique paths within the inked layer
ould have been traversed by the same radiance. But

ince the Fresnel transmission coefficient is angle depen-
ent, the part of the diffuse incident light transmitted by
he interface is not Lambertian. The oblique paths within
he inked layer are therefore traversed by radiances that
epend on the Fresnel transmission coefficient, and the
verage oblique path 	 traversed by the diffuse light
herefore depends on the refractive index of the print–air
nterface.

Let us numerically compute the coefficient 	 for a given
efractive index. We take m equidistant values ti of the
nked layer’s transmittance, from t0=0 to tm−1=1. We look
or the coefficient 	 that minimizes the sum of the square
ifferences between the exact expression of Tin and its ap-
roximated expression, i.e., the coefficient 	 that mini-
izes

�
i=0

m−1 �ti
	t01 −�

�=0

�/2

T01���ti
	��� sin 2�d��2

.

For a print–air refractive index of 1.5, we obtain 	
1.134. Equation (B1) is very accurate. If we plot the ex-
ct and the approximated expressions of Tin as functions
f ti on the same graph, both curves are perfectly super-
osed.
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PPENDIX C: SOLVING THE
UBELKA–MUNK DIFFERENTIAL
QUATION SYSTEM WITH THE LAPLACE
RANSFORM
et us solve the Kubelka–Munk differential equation sys-
em

d

dx
ir�x� = �K + S�ir�x� − Sit�x�,

d

dx
it�x� = Sir�x� − �K + S�it�x�. �C1�

To convert this differential equation system into a lin-
ar system, we apply the Laplace transform,31 which
ransforms a causal function f�x� into a function F�p� de-
ned by

F�p� =�
0




f�t�e−ptdt.

The Laplace transform is linear, i.e., af�x�+bg�x� is
ransformed into aF�p�+bG�p�. The derivative of function
is transformed into pF�p�− f�0�, where the constant f�0�

s the value of f at x=0.
Let us apply the Laplace transform to the equation sys-

em (C1). We call Ir�p� and It�p� the transforms of ir�x�
nd it�x�. We obtain the following linear system of two
quations with the two unknown variables Ir�p� and It�p�:

pIr�p� − ir�0� = �K + S�Ir�p� − SIt�p�,

pIt�p� − it�0� = SIr�p� − �K + S�It�p�. �C2�

The solutions of the linear equation system (C2) are

Ir�p� =
ir�0��p + aS� − Sit�0�

p2 − b2S2 , �C3�

It�p� =
it�0��p − aS� + Sir�0�

p2 − b2S2 , �C4�

ith

a = �K + S�/S,

b = 
a2 − 1,

nd where ir�0� is the downward irradiance located at the
ecto boundary of the layer, i.e., at the depth x=0, and
t�0� is the upward irradiance located at the verso bound-
ry, i.e., at depth x=h.
The terms p / �p2−b2S2� and bS / �p2−b2S2� are, respec-

ively, the transforms of cosh�bSx� and sinh�bSx�. There-
ore, Eqs. (C3) and (C4) are the transforms of functions
r�x� and it�x� expressed as

ir�x� = ir�0�cosh�bSx� +
1

b
�air�0� − it�0��sinh�bSx�,

�C5�
it�x� = it�0�cosh�bSx� +
1

b
�ir�0� − ait�0��sinh�bSx�.

�C6�

Equations (C5) and (C6) are the general solutions of the
ubelka–Munk differential equation system (C1), where

he downward and upward irradiances ir�0� and it�0� at
he recto boundary x=0 depend on the exterior illumina-
ion and on the recto and verso reflectors.

PPENDIX D: DERIVING THE REFLECTANCE
ND THE TRANSMITTANCE OF A
CATTERING LAYER BOUNDED BY TWO
EFLECTORS FROM THE KUBELKA–MUNK
IFFERENTIAL EQUATION SYSTEM
he internal reflectance and internal transmittance of the
cattering layer are given, respectively, by the ratios
r�0� /I0 and it�h� /I0. The expressions of ir�0� and it�h� are
erived from the general solutions of Eqs. (C5) and (C6) of
he Kubelka–Munk differential equation system (C1) by
pplying specific boundary conditions.
Let us consider a layer bounded at x=0 and x=h by two

eflectors of respective reflectances r0 and rh. These re-
ectors may be interfaces between two media, interfaces

ncorporating an inked layer, or backscattering back-
rounds.

At x=0, the layer receives the source irradiance I0
ownwards. In addition to this source irradiance, a frac-
ion r0 of the upward irradiance ir�0� is reflected by the
ecto and also propagates downwards. The total down-
ard irradiance it�0� is therefore

it�0� = I0 + r0ir�0�. �D1�

At x=h, the sublayer receives the downward irradiance
t�h�. There is no light propagating upwards from the ex-
erior. However, a fraction rh of the irradiance it�h� is re-
ected by the lower reflector and forms the upward irra-
iance ir�h�:

ir�h� = rhit�h�. �D2�

We can insert the expression for ir�h� given by Eq. (D2)
t x=h into Eq. (C5):

rhit�h� = ir�0�cosh�bSh� +
1

b
�air�0� − �I0

+ r0ir�0���sinh�bSh�. �D3�

We insert into Eq. (C6) the expression for it�0� given by
q. (D1):

it�h� = �I0 + rhir�0��cosh�bSh� +
1

b
�ir�0� − a�I0

+ r0ir�0���sinh�bSh�. �D4�

Equations (D3) and (D4) form a linear system of two
quations depending on the two unknown variables ir�0�
nd it�h�, i.e., on the two irradiances exiting the print.
he solutions of this system are
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ir�0� = I0

�1 − arh�sinh�bSh� + brh cosh�bSh�

�a − r0 − rh + ar0rh�sinh�bSh� + b�1 − r0rh�cosh�bSh�
, �D5�

it�h� = I0

b

�a − r0 − rh + ar0rh�sinh�bSh� + b�1 − r0rh�cosh�bSh�
. �D6�
r
R
d
o
S
f
(
r

A
W
C
d
E
f

R

1

1

1

1

The ratios ir�0� /I0 and it�h� /I0 are, respectively, the
rint’s internal reflectance Rb and transmittance Tb that
nclude the multiple reflections at the upper and the
ower reflectors (r0 and rh):

Rb =
�1 − arh�sinh�bSh� + brh cosh�bSh�

�a − r0 − rh + ar0rh�sinh�bSh� + b�1 − r0rh�cosh�bSh�
,

�D7�

Tb =
b

�a − r0 − rh + ar0rh�sinh�bSh� + b�1 − r0rh�cosh�bSh�
.

�D8�

PPENDIX E: ORIGINAL KUBELKA–MUNK
ODEL AND SAUNDERSON CORRECTION

n their original papers,1,7 Kubelka and Munk consider a
ubstrate layer superposed on a background of reflectance
g having the same refractive index as the substrate layer.
he recto interface is ignored. According to Kubelka, [Ref.
, Eq. 26], the reflectance RKM of the substrate bounded
y the background is

RKM =
�1 − arg�sinh�bSh� + brg cosh�bSh�

�a − rg�sinh�bSh� + b cosh�bSh�
. �E1�

Equation (E1) can be derived from Eq. (D7) by setting
0=0 and rh=rg. However, in the case where the sub-
trate, typically of refractive index 1.5, is in contact with
he air at the recto, the recto interface cannot be ignored
ince it behaves as a reflector. A strongly scattering layer
lluminates the interface with air with Lambertian irra-
iance. The reflectance of the interface is therefore r10.
aunderson9 introduced a correction to the Kubelka–
unk reflectance [Eq. (E1)] accounting for the optical ef-

ects of the recto interface, i.e., the surface specular reflec-
ion (ignored when the incidence angle and the
bservation angle are different), the penetration of light
hrough the interface (attenuation Tin), the emergence of
ight through the interface (attenuation Tex), and the mul-
iple reflections occurring between the scattering layer
reflectance RKM expressed according to the Kubelka–

unk model) and the interface (reflectance r10):

RS = TinTex

RKM

1 − r10RKM
. �E2�

RS expresses the global reflectance of the bounded scat-
ering layer when the surface specular reflection is dis-
arded. Let us expand the expression of RS by replacing in
q. (E2) the term R by its expression in Eq. (E1). The
KM
esulting expression matches the expression of Eq. (D7) of
b obtained by considering directly the scattering me-
ium bounded at the recto and the verso by two reflectors
f respective reflectances r0=r10 and rh=rg. Therefore, the
aunderson-corrected Kubelka–Munk model is a special

orm of our extended Kubelka–Munk formulation [Eq.
D7)] for a scattering medium bounded by two reflectors of
espective reflectances r0 and rh.
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